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1 Introduction

Clustering is the task of organizing a set of objects into meaningful groups. These groups can be disjoint,
overlapping, or organized in some hierarchical fashion. The key element of clustering is the notion that the
discovered groups are meaningful. This definition is intentionally vague, as what constitutes meaningful is to
a large extent, application dependent. In some applications this may translate to groups in which the pairwise
similarity between their objects is maximized, and the pairwise similarity between objects of different groups
is minimized. In some other applications this may translate to groups that contain objects that share some
key characteristics, even though their overall similarity is not the highest. Clustering is an exploratory tool
for analyzing large datasets, and has been used extensively in numerous application areas.

Clustering has a wide range of applications in life sciences and over the years has been used in many
areas ranging from the analysis of clinical information, phylogeny, genomics, and proteomics. For example,
clustering algorithms applied to gene expression data can be used to identify co-regulated genes and provide
a genetic fingerprint for various diseases. Clustering algorithms applied on the entire database of known
proteins can be used to automatically organize the different proteins into close- and distant-related families,
and identify subsequences that are mostly preserved across proteins [52, 22, 55, 68, 49]. Similarly, clustering
algorithms applied to the tertiary structural datasets can be used to perform a similar organization and provide
insights in the rate of change between sequence and structure [20, 65].

The primary goal of this chapter is to provide an overview of the various issues involved in clustering
large datasets, describe the merits and underlying assumptions of some of the commonly used clustering
approaches, and provide insights on how to cluster datasets arising in various areas within life-sciences.
Toward this end, the chapter is organized in broadly three parts. The first part (Sections 2– 4) describes
the various types of clustering algorithms developed over the years, the various methods for computing the
similarity between objects arising in life sciences, and methods for assessing the quality of the clusters.
The second part (Section 5) focuses on the problem of clustering data arising from microarray experiments
and describes some of the commonly used approaches. Finally, the third part (Section 6) provides a brief
introduction to CLUTO, a general purpose toolkit for clustering various datasets, with an emphasis on its
applications to problems and analysis requirements within life sciences.

2 Types of Clustering Algorithms

The topic of clustering has been extensively studied in many scientific disciplines and a variety of different
algorithms have been developed [51, 38, 12, 45, 36, 59, 6, 78, 12, 23, 73, 28, 29, 42]. Two recent surveys
on the topics [37, 32] offer a comprehensive summary of the different applications and algorithms. These

1



algorithms can be categorized along different dimensions based either on the underlying methodology of the
algorithm, leading to partitional or agglomerative approaches, based on the structure of the final solution,
leading to hierarchical or non-hierarchical solutions, based on the characteristics of the space in which they
operate, leading to feature or similarity approaches, or based on the type of clusters that they discover, leading
to globular or transitive clustering methods.

2.1 Agglomerative and Partitional Algorithms

Partitional algorithms, such as K -means [54, 38], K -medoids [38, 45, 59], probabilistic [15, 12], graph-
partitioning-based [77, 38, 31, 70], or spectral based [7], find the clusters by partitioning the entire dataset
into either a predetermined or an automatically derived number of clusters.

Partitional clustering algorithms compute a k-way clustering of a set of objects either directly or via a
sequence of repeated bisections. A direct k-way clustering is commonly computed as follows. Initially, a
set of k objects is selected from the datasets to act as the seeds of the k clusters. Then, for each object, its
similarity to these k seeds is computed, and it is assigned to the cluster corresponding to its most similar seed.
This forms the initial k-way clustering. This clustering is then repeatedly refined so that it optimizes a desired
clustering criterion function. A k-way partitioning via repeated bisections is obtained by recursively applying
the above algorithm to compute 2-way clustering (i.e., bisections). Initially, the objects are partitioned into
two clusters, then one of these clusters is selected and is further bisected, and so on. This process continues
k − 1 times, leading to k clusters. Each of these bisections is performed so that the resulting two-way
clustering solution optimizes a particular criterion function.

Criterion functions used in the partitional clustering reflect the underlying definition of the “goodness” of
clusters. The partitional clustering can be considered as an optimization procedure that tries to create high
quality clusters according to a particular criterion function. Many criterion functions have been proposed
[38, 17, 80] and some of them are described later in Section 6. Criterion functions measure various aspects
of intra-cluster similarity, inter-cluster dissimilarity, and their combinations. These criterion functions utilize
different views of the underlying collection, by either modeling the objects as vectors in a high-dimensional
space, or by modeling the collection as a graph.

Hierarchical agglomerative algorithms find the clusters by initially assigning each object to its own cluster
and then repeatedly merging pairs of clusters until a certain stopping criterion is met. Consider an n-object
dataset and the clustering solution that has been computed after performing l merging steps. This solution
will contain exactly n − l clusters, as each merging step reduces the number of clusters by one. Now, given
this (n − l)-way clustering solution, the pair of clusters that is selected to be merged next, is the one that
leads to an (n − l − 1)-way solution that optimizes a particular criterion function. That is, each one of
the (n − l) × (n − l − 1)/2 pairs of possible merges is evaluated, and the one that leads to a clustering
solution that has the maximum (or minimum) value of the particular criterion function is selected. Thus, the
criterion function is locally optimized within each particular stage of agglomerative algorithms. Depending
on the desired solution, this process continues until either there are only k clusters left, or when the entire
agglomerative tree has been obtained.

The three basic criteria to determine which pair of clusters to be merged next are single-link [67], complete-
link [46] and group average (UPGMA) [38]. The single-link criterion function measures the similarity of two
clusters by the maximum similarity between any pair of objects from each cluster, whereas the complete-link
uses the minimum similarity. In general, both the single- and the complete-link approaches do not work very
well because they either base their decisions to a limited amount of information (single-link), or assume that
all the objects in the cluster are very similar to each other (complete-link). On the other hand, the group aver-
age approach measures the similarity of two clusters by the average of the pairwise similarity of the objects
from each cluster and does not suffer from the problems arising with single- and complete-link. In addition to
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these three basic approaches, a number of more sophisticated schemes have been developed, like CURE [28],
ROCK [29], CHAMELEON [42], that were shown to produce superior results.

Finally, hierarchical algorithms produce a clustering solution that forms a dendrogram, with a single all
inclusive cluster at the top and single-point clusters at the leaves. On the other hand, in non-hierarchical
algorithms there tends to be no relation between the clustering solutions produced at different levels of gran-
ularity.

2.2 Feature- and Similarity- Based Clustering Algorithms

Another distinction between the different clustering algorithms is whether or not they operate on the object’s
feature space or operate on a derived similarity (or distance) space. K -means based algorithms are the
prototypical examples of methods that operate on the original feature space. In this class of algorithms,
each object is represented as a multi-dimensional feature vector, and the clustering solution is obtained by
iteratively optimizing the similarity (or distance) between each object and its cluster centroid. One the other
hand, similarity-based algorithms compute the clustering solution by first computing the pairwise similarities
between all the objects and then use these similarities to drive the overall clustering solution. Hierarchical
agglomerative schemes, graph-based schemes, as well as K -medoid, fall into this category. The advantages of
similarity-based methods is that they can be used to cluster a wide variety of datasets, provided that reasonable
methods exist for computing the pairwise similarity between objects. For this reason, they have been used to
cluster both sequential [52, 22] as well as graph datasets [40, 72], especially in biological applications. On
the other hand, there has been limited work in developing clustering algorithms that operate directly on the
sequence or graph datasets [41].

However, similarity-based approaches have two key limitations. First, their computational requirements
are high as they need to compute the pairwise similarity between all the objects that need to be clustered.
As a result such algorithms can only be applied to relatively small datasets (a few thousand objects), and
they cannot be effectively used to cluster the datasets arising in many fields within life sciences. The second
limitation of these approaches is that by not using the object’s feature space and relying only on the pairwise
similarities, they tend to produce sub-optimal clustering solutions especially when the similarities are low
relative to the cluster sizes. The key reason for this is that these algorithms can only determine the overall
similarity of a collection of objects (i.e., a cluster) by using measures derived from the pairwise similarities
(e.g., average, median, or minimum pairwise similarities). However, such measures, unless the overall simi-
larity between the members of different clusters is high, are quite unreliable since they cannot capture what
is common between the different objects in the collection.

Clustering algorithms that operate in the object’s feature space can overcome both of these limitations.
Since they do not require the precomputation of the pairwise similarities, fast partitional algorithms can be
used to find the clusters, and since their clustering decisions are made in the object’s feature space, they
can potentially lead to better clusters by correctly evaluating the similarity between a collection of objects.
For example, in the context of clustering protein sequences, the proteins in each cluster can be analyzed to
determine the conserved blocks, and use only these blocks in computing the similarity between the sequences
(an idea formalized by profile HMM approaches [19, 18]). Recent studies in the context of clustering large
high-dimensional datasets done by various groups [13, 50, 2, 69] show the advantages of such algorithms
over those based on similarity.

2.3 Globular and Transitive Clustering Algorithms

Besides the operational differences between various clustering algorithms, another key distinction between
them is the type of clusters that they discover. There are two general types of clusters that often arise in
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different application domains. What differentiates these types is the relationship between the cluster’s objects
and the dimensions of their feature space.

The first type of clusters contains objects that exhibit a strong pattern of conservation along a subset of
their dimensions. That is, there is a subset of the original dimensions in which a large fraction of the objects
agree. For example, if the dimensions correspond to different protein motifs, then a collection of proteins will
form a cluster, if there exist a subset of motifs that are present in a large fraction of the proteins. This subset
of dimensions is often referred to as a subspace, and the above stated property can be viewed as the cluster’s
objects and its associated dimensions forming a dense subspace. Of course, the number of dimensions in these
dense subspaces,and the density (i.e., how large is the fraction of the objects that share the same dimensions)
will be different from cluster to cluster. Exactly this variation in subspace size and density (and the fact that
an object can be part of multiple disjoint or overlapping dense subspaces) is what complicates the problem
of discovering this type of clusters. There are a number of application areas in which such clusters give rise
to meaningful groupings of the objects (i.e., domain experts will tend to agree that the clusters are correct).
Such areas includes clustering documents based on the terms they contain, clustering customers based on the
products they purchase, clustering genes based on their expression levels, clustering proteins based on the
motifs they contain, etc.

The second type of clusters contains objects in which again there exists a subspace associated with that
cluster. However, unlike the earlier case, in these clusters there will be sub-clusters that may share a very
small number of the subspace’s dimension, but there will be a strong path within that cluster that will connect
them. By “strong path” we mean that if A and B are two sub-clusters that share only a few dimensions,
then there will be another set of sub-clusters X1, X2, . . . , Xk , that belong to the cluster, such that each of
the sub-cluster pairs (A, X1), (X1, X2), . . . , (Xk, B) will share many of the subspace’s dimensions. What
complicates cluster discovery in this setting is that the connections (i.e., shared subspace dimensions) between
sub-clusters within a particular cluster will tend to be of different strength. Examples of this type of clusters
include protein clusters with distant homologies or clusters of points that form spatially contiguous regions.

Our discussion so far focused on the relationship between the objects and their feature space. However,
these two classes of clusters can also be understood in terms of the the object-to-object similarity graph. The
first type of clusters will tend to contain objects in which the similarity between all pairs of objects will be
high. On the other hand, in the second type of clusters there will be a lot of objects whose direct pairwise
similarity will be quite low, but these objects will be connected by many paths that stay within the cluster that
traverse high similarity edges. The names of these two cluster types were inspired by this similarity-based
view, and they are referred to as globular and transitive clusters, respectively.

The various clustering algorithms are in general suited for finding either globular or transitive clusters.
In general, clustering criterion driven partitional clustering algorithms such as K -means and its variants
and agglomerative algorithms using the complete-link or the group-average method are suited for finding
globular clusters. On the other hand, the single-link method of the agglomerative algorithm, and graph-
partitioning-based clustering algorithms that operate on a nearest-neighbor similarity graph are suited for
finding transitive clusters. Finally, specialized algorithms, called sub-space clustering methods, have been
developed for explicitly finding either globular or transitive clusters by operating directly in the object’s
feature space [3, 57, 10].

3 Methods for Measuring The Similarity Between Objects

In general, the method used to compute the similarity between two objects depends on two factors. The first
factor has to do with how the objects are actually being represented. For example, the similarity between two
objects represented by a set of attribute-value pairs will be entirely different than the method used to compute
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the similarity between two DNA sequences or two 3D protein structures. The second factor is much more
subjective and has to do with the actual goal of clustering. Different analysis requirements may give rise to
entirely different similarity measures and different clustering solutions. This section focuses on discussing
various methods for computing the similarity between objects that address both of these factors.

The diverse nature of biological sciences and the shear complexity of the underlying physico-chemical
and evolutionary principles that need to be modeled, gives rise to numerous clustering problems involving a
wide range of different objects. The most prominent of them are the following:

Multi-Dimensional Vectors
Each object is represented by a set of attribute-value pairs. The meaning of the attributes (also referred
to as variables or features) is application dependent and includes datasets like those arising from var-
ious measurements (e.g., gene expression data), or from various clinical sources (e.g., drug-response,
disease states, etc.).

Sequences
Each object is represented as a sequence of symbols or events. The meaning of these symbols or events
also depends on the underlying application and includes objects such as DNA and protein sequences,
sequences of secondary structure elements, temporal measurements of various quantities such as gene
expressions, and historical observations of disease states.

Structures
Each object is represented as a two- or three-dimensional structure. The primary examples of such
datasets include the spatial distribution of various quantities of interest within various cells, and the 3D
geometry of chemical molecules such as enzymes and proteins.

The rest of this section describes some of the most popular methods for computing the similarity for all
these types of objects.

3.1 Similarity Between Multi-Dimensional Objects

There are a variety of methods for computing the similarity between two objects that are represented by a set
of attribute-value pairs. These methods, to a large extent, depend on the nature of the attributes themselves
and the characteristics of the objects that we need to model by the similarity function.

From the point of similarity calculations, there are two general types of attributes. The first one consists
of attributes whose range of values are continuous. This includes both integer- and real-valued variables, as
well as, attributes whose allowed set of values are thought to be part of an ordered set. Examples of such
attributes include gene expression measurements, ages, disease severity levels, etc. On the other hand, the
second type consists of attributes that take values from an unordered set. Examples of such attributes include
various gender, blood type, tissue type, etc. We will refer to the first type as continuous attributes and to the
second type as categorical attributes. The primary difference between these two types of attributes is that in
the case of continuous attributes, when there is a mismatch on the value taken by a particular attribute in two
different objects, the difference of the two values is a meaningful measure of distance, whereas in categorical
attributes, there is no easy way to assign a distance between such mismatches.

In the rest of this section, we present methods for computing the similarity assuming that all the attributes
in the objects are either continuous or categorical. However, in most real-applications, objects will be repre-
sented by a mixture of such attributes, so the described approaches need to be combined.

Continuous Attributes When all the attributes are continuous, each object can be considered to be
a vector in the attribute space. That is, if n is the total number of attributes, then each object v can be
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represented by an n-dimensional vector (v1, v2, ..., vn), where vi is the value of the i th attribute.
Given any two objects with their corresponding vector-space representations v and u, a widely used

method for computing the similarity between them is to look at their distance as measured by some norm
of their vector difference. That is,

disr (v, u) = ||v − u||r , (1)

where r is the norm used, and || · || is used to denote vector norms. If the distance is small, then the objects
will be similar, and the similarity of the objects will decrease as their distance increases.

The two most commonly used norms are the one- and the two-norm. In the case of the one-norm, the
distance between two objects is give by

dis1(v, u) = ||v − u||1 =
n∑
i

|vi − ui |, (2)

where | · | denotes absolute values. Similarly, in the case of the two-norm, the distance is given by

dis2(v, u) = ||v − u||2 =
√√√√ n∑

i=1

(vi − ui )2. (3)

Note that the one-norm distance is also called the Manhattan distance, whereas the two-norm distance is
nothing more than the Euclidean distance between the vectors. Those distances may become problematic
when clustering high-dimensional data, because in such datasets, the similarity between two objects is often
defined along a small subset of dimensions.

An alternate way of measuring the similarity between two objects in the vector-space model is to look at
the angle between their vectors. If two objects have vectors that point to the same direction (i.e., their angle is
small), then these objects will be considered similar, and if their vectors point to different directions (i.e., their
angle is large), then these vectors will be considered dissimilar. This angle-based approach for computing
the similarity between two objects emphasizes the relative values that each dimension takes within each
vector, and not their overall length. That is, two objects can have an angle of zero (i.e., point to the identical
direction), even if their Euclidean distance is arbitrarily large. For example, in a two-dimensional space, the
vectors v = (1, 1), and u = (1000, 1000) will be considered to be identical, as their angle is zero. However,
their Euclidean distance is close to 1000

√
2.

Since the computation of the angle between two vectors is somewhat expensive (requiring inverse trigono-
metric functions), we do not measure the angle itself but its cosine function. The cosine of the angle between
two vectors v and u is given by

sim(v, u) = cos(v, u) =
∑n

i=1 vi ui

||v||2||u||2 . (4)

This measure will be plus one, if the angle between v and u is zero, and minus one, if their angle is 180
degrees (i.e., point to opposite directions). Note that a surrogate for the angle between two vectors can also
be computed using the Euclidean distance, but instead of computing the distance between v and u directly, we
need to first scale them to be of unit length. In that case, the Euclidean distance measures the chord between
the two vectors in the unit hypersphere.

In addition to the above linear algebra inspired methods, another widely used scheme for determining the
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similarity between two vectors uses the Pearson correlation coefficient, which is given by

sim(v, u) = corr(v, u) =
∑n

i=1(vi − v̄)(ui − ū)√∑n
i=1(vi − v̄)2

√∑n
i=1(ui − ū)2

, (5)

where v̄ and ū are the mean of the values of the v and u vectors, respectively. Note that Pearson’s correlation
coefficient is nothing more than the cosine between the mean-subtracted v and u vectors. As a result, it does
not depend on the length of the (v − v̄) and (u − ū) vectors, but only on their angle.

Our discussion so far on similarity measures for continuous attributes focused on objects in which all the
attributes were homogeneous in nature. A set of attributes are called homogeneous if all of them measure
quantities that are of the same type. As a result changes in the values of these variables can be easily correlated
across them. Quite often, each object will be represented by a set of inhomogeneous attributes. For example,
if we would like to cluster patients, then some of the attributes describing each patient can measure things
like age, weight, height, calorie intake, etc. Now if we use some of the above described methods to compute
the similarity we will essentially making the assumption that equal magnitude changes in all variables are
identical. However this may not be the case. If the age of two patients is 50 years, that represents something
that is significantly different if their calorie intake difference is 50 calories. To address these problems, the
various attributes need to be first normalized prior to using any of the above similarity measures. Of course,
the specific normalization method is attribute dependent, but its goal should be to make differences across
different attributes comparable.

Categorical Attributes If the attributes are categorical, special similarity measures are required, since
distances between their values cannot be defined in an obvious manner. The most straightforward way is to
treat each categorical attribute individually and define the similarity based on whether two objects contain the
exact same value for each categorical attribute. Huang [35] formalized this idea by introducing dissimilarity
measures between objects with categorical attributes that can be used in any clustering algorithms. Let X
and Y be two objects with m categorical attributes, and Xi and Yi be the values of the i th attribute of the two
objects, the dissimilarity measure between X and Y is defined to be the number of mismatching attributes of
the two objects. That is,

d(X, Y ) =
m∑

i=1

S(Xi , Yi ),

where

S(Xi , Yi ) =
{

0 (Xi = Yi )

1 (Xi �= Yi )

A normalized variant of the above dissimilarity is defined as follows

d(X, Y ) =
m∑

i=1

nXi + nYi

nXi nYi

S(Xi , Yi ),

where nXi (nYi ) is the number of times the value Xi (Yi ) appears in the i th attribute of the entire dataset.
If two categorical values are common across the dataset, they will have low weights, so that the mismatch
between them will not contribute significantly to the final dissimilarity score. If two categorical values are
rare in the dataset, then they are more informative and will receive higher weights according to the formula.
Hence, this dissimilarity measure emphasizes the mismatches that happen for rare categorical values than for
those involving common ones.

One of the limitations of the above method is that two values can contribute to the overall similarity
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only if they are the same. However, different categorical values may contain useful information in the sense
that even if their values are different, the objects containing those values are related to some extent. By
defining similarities just based on matches and mismatches of values, some useful information may be lost. A
number of approaches have been proposed to overcome this limitation [29, 25, 26, 61] by utilizing additional
information between categories or relationships between categorical values.

3.2 Similarity Between Sequences

One of the most important applications of clustering in life sciences is clustering sequences, e.g, DNA or
protein sequences. Many clustering algorithms have been proposed to enhance sequence database searching,
organize sequence databases, generate phylogenetic trees or guide multiple sequence alignment etc. In this
specific clustering problem, the objects of interest are biological sequences, which consist of a sequence
of symbols, which could be nucleotides, amino acids or secondary structure elements (SSEs). Biological
sequences are different from the objects we have discussed so far, in the sense that they are not defined by a
collection of attributes. Hence, the similarity measures we discussed so far are not applicable to biological
sequences.

Over the years, a number of different approaches have been developed for computing similarity between
two sequences [30]. The most common ones are the alignment-based measures, which first compute an
optimal alignment between two sequences (either globally or locally), and then determine their similarity
by measuring the degree of agreement in the aligned positions of the two sequences. The aligned positions
are usually scored using a symbol-to-symbol scoring matrix, and in the case of protein sequences, the most
commonly used scoring matrices are PAM [14, 63] or BLOSUM [33].

The global sequence alignment (Needleman-Wunsch alignment [58]) aligns the entire sequences using
dynamic programming. The recurrence relations are the following [30]. Given two sequences S1 of length n
and S2 of length m, and a scoring matrix S, let score(i, j) be the score of the optimal alignment of prefixes
S1[1...i] and S2[1... j].

The base conditions are,
score(0, j) =

∑
1≤k≤ j

S( , S2(k))

and
score(i, 0) =

∑
1≤k≤i

S(S1(k), ).

Then, the general recurrence is,

score(i, j) = max




score(i − 1, j − 1) + S(S1(i), S2(i))
score(i − 1, j) + S(S1(i), )

score(i, j − 1) + S( , S2( j))

where ‘ ’ represents a space, and S is the scoring matrix to specify the matching score for each pair of
symbols. And score(n, m) is the optimal alignment score.

These global similarity scores are meaningful when we compare similar sequences with roughly the same
length, e.g, protein sequences from the same protein family. However, when sequences are of different
lengths and are quite divergent, the alignment of the entire sequences may not make sense, in which case,
the similarity is commonly defined on the conserved subsequences. This problem is referred to as the local
alignment problem, which seeks to find the pair of substrings of the two sequences that has the highest global
alignment score among all possible pairs of substrings. Local alignments can be computed optimally via a
dynamic programming algorithm, originally introduced by Smith and Waterman [66]. The base conditions
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are score(0, j) = 0 and score(i, 0) = 0, and the general recurrence is given by

score(i, j) = max




0
score(i − 1, j − 1) + S(S1(i), S2(i))
score(i − 1, j) + S(S1(i), )

score(i, j − 1) + S( , S2( j))

The local sequence alignment score corresponds to the cell(s) of the dynamic programming table that has the
highest value. Note that the recurrence for local alignments is very similar to that for global alignments only
with minor changes, which allow the alignment to begin from any location (i, j) [30].

Alternatively, local alignments can be computed approximately via heuristic approaches, such as FASTA
[53, 60] or BLAST [4]. The heuristic approaches achieve low time complexities by first identifying promising
locations in an efficient way, and then applying a more expensive method on those locations to construct the
final local sequence alignment. The heuristic approaches are widely used for searching protein databases due
to their low time complexity. Description of these algorithms is beyond the scope of this chapter, and the
interested reader should follow the references.

Most existing protein clustering algorithms use the similarity measure based on the local alignment meth-
ods, i.e., Smith-Waterman, BLAST and FASTA (GeneRage [22], ProtoMap [76] etc.). These clustering
algorithms first obtain the pairwise similarity scores of all pairs of sequences, then they either normalize
the scores by the self-similarity scores of the sequences to obtain a percentage value of identicalness [8],
or transform the scores to binary values based on a particular threshold [22]. Other methods normalize the
row similarity scores by taking into account other sequences in the dataset. For example, ProtoMage [76]
first generates the distribution of the pairwise similarities between sequence A and the other sequences in
the database. Then the similarity between sequence A and sequence B is defined as the expected value of
the similarity score found for A and B, based on the overall distribution. A low expected value indicates a
significant and strong connection (similarity).

3.3 Similarity Between Structures

Methods for computing the similarity between the three-dimensional structures of two proteins (or other
molecules), are intrinsically different from any of the approaches that we have seen so far for comparing
multi-dimensional objects and sequences. Moreover, unlike the previous data types for which there are well-
developed and widely-accepted methods for measuring similarities, the methods for comparing 3D structures
are still evolving, and the entire field is an active research area. Providing a comprehensive description of
the various methods for computing the similarity between two structures requires a chapter (or a book) of its
own, and is far beyond the scope of this chapter. For this reason, our discussion in the rest of this section
will primarily focus on presenting some of the issues involved in comparing 3D structures, in the context of
proteins, and outlining some of the approaches that have been proposed for solving them. The reader should
refer to the chapter by Johnson and Lehtonen [39] that provide an excellent introduction on the topic.

The general approach, that almost all methods for computing the similarity between a pair of 3D protein
structures follow, is to try to superimpose the structure of one protein on top of the structure of the other
protein, so that certain key features are mapped very close to each other in space. Once this is done, then the
similarity between two structures is computed by measuring the fit of the superposition. This fit is commonly
computed as the root mean square deviations (RMSD) of the corresponding features. To some extent, this is
similar in nature to the alignment performed for sequence-based similarity approaches, but it is significantly
more complicated as it involves 3D structures with substantially more degrees of freedom. There are a number
of different variations for performing this superposition that have to do with (i) the features of the two proteins
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that are sought to be matched, (ii) whether or not the proteins are treated as rigid or flexible bodies, (iii) how
the equivalent set of features from the two proteins are determined, and (iv) the type of superposition that is
computed.

In principle, when comparing two protein structures we can treat every atom of each amino acid side chain
as a feature and try to compute a superposition that matches all of them as well as possible. However, this
usually does not lead to good results because the side chains of different residues will have different number
of atoms with different geometries. Moreover, even the same amino acid types may have side chains with
different conformations, depending on their environment. As a result, even if two proteins have very similar
backbones, a superposition computed by looking at all the atoms may fail to identify this similarity. For
this reason, most approaches try to superimpose two protein structures by focusing on the Cα atoms of their
backbones, whose locations are less sensitive on the actual residue type. Besides these atom-level approaches,
other methods focus on secondary structure elements (SSE) and superimpose two proteins so that their SSEs
are geometrically aligned with each other.

Most approaches for computing the similarity between two structures treat them as rigid bodies, and try
to find the appropriate geometric transformation (i.e., rotation and translation) that leads to the best super-
position. Rigid-body geometric transformations are well-understood and they are relatively easy to compute
efficiently. However, by treating proteins as rigid bodies we may get poor superpositions when the protein
structures are significantly different, even though they are part of the same fold. In such cases, allowing some
degree of flexibility tends to produce better results, but also increases the complexity. In trying to find the best
way to superimpose one structure on top of the other in addition to the features of interest we must identify
the pairs of features from the two structures that will be mapped against each other. There are two general
approaches for doing that. The first approach relies on an initial set of equivalent features (e.g., Cα atoms or
SSEs) being provided by domain experts. This initial set is used to compute an initial superposition and then
additional features are identified using various approaches based on dynamic programming or graph theory
[58, 56, 27]. The second approach tries to automatically identify the correspondence between the various fea-
tures by various methods including structural comparisons based on matching Cα-atoms contact maps [34],
or on the optimal alignment of secondary structure elements (SSEs) [47].

Finally, as it was the case with sequence alignment, the superposition of 3D structures can be done glob-
ally, whose goal is to superimpose the entire protein structure, or locally, which seeks to compute a good
superposition involving a subsequence of the protein.

4 Assessing Cluster Quality

Clustering results are hard to be evaluated, especially for high dimensional data and without a priori knowl-
edge of the objects’ distribution, which is quite common in practical cases. However, assessing the quality of
the resulting clusters is as important as generating the clusters. Given the same dataset, different clustering
algorithms with various parameters or initial conditions will give very different clusters. It is essential to
know whether the resulting clusters are valid and how to compare the quality of the clustering results, so that
the right clustering algorithm can be chosen and the best clustering results can be used for further analysis.

Another related problem is “how many clusters are there in the dataset?”. An ideal clustering algorithm
should be the one that can automatically discover the natural clusters present in the dataset based on the un-
derlying cluster definition. However, there are no such universal cluster definitions and clustering algorithms
suitable for all kinds of datasets. As a result, most existing algorithms require either the number of clusters
to be provided as a parameter as it is done in the case of K -means, or a similarity threshold that will be used
to terminated the merging process in the case of agglomerative clustering. However, in general, it is hard to
know the right number of clusters or the right similarity threshold without a priori knowledge of the dataset.
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One possible way to automatically determine the number of clusters k is to compute various clustering
solutions for a range of values of k, score the resulting clusters based on some particular metric and then
select the solution that achieves the best score. A critical component of this approach is the method used
to measure the quality of the cluster. To solve this problem, numerous approaches have been proposed in
a number of different disciplines including pattern recognition, statistics and data mining. The majority of
them can be classified into two groups: external quality measures and internal quality measures.

The approaches based on external quality measures require a priori knowledge of the natural clusters
that exist in the dataset, and validate a clustering result by measuring the agreement between the discovered
clusters and the known information. For instance, when clustering gene expression data, the known functional
categorization of the genes can be treated as the natural clusters, and the resulting clustering solution will be
considered correct, if it leads to clusters that preserve this categorization. A key aspect of the external quality
measures is that they utilize information other than that used by the clustering algorithms. However, such a
reliable priori knowledge is usually not available when analyzing real datasets—after all, clustering is used
as a tool to discover such knowledge in the first place.

The basic idea behind internal quality measures is rooted from the definition of clusters. A meaningful
clustering solution should group objects into various clusters, so that the objects within each cluster are more
similar to each other than the objects from different clusters. Therefore, most of the internal quality measures
evaluate the clustering solution by looking at how similar the objects are within each cluster and how well
the objects of different clusters are separated. For example, the pseudo F statistic suggested by Calinski and
Harabasz [11] uses the quotient between the intra-cluster average squared distance and inter-cluster average
squared distance. If we have X as the centroid (i.e., mean vector) of all the objects, X j as the centroid of the
objects in cluster C j , k as the total number of clusters, n as the total number of objects, and d(x, y) as the
squared Euclidean distance between two object-vectors x and y, then the pseudo F statistic is defined as

F =
∑n

i=1 d(xi ,X)−∑k
j=1

∑
x∈C j

d(x,X j )

k−1∑k
j=1

∑
x∈C j

d(x,X j )

n−k

.

One of the limitations of the internal quality measures is that they often use the same information both in
discovering and in evaluating the clusters. Recall from Section 2, that some clustering algorithms produce
clustering results by optimizing various clustering criterion functions. Now, if the same criterion functions
were used as the internal quality measure, then the overall clustering assessment process does nothing more
than assessing how effective the clustering algorithms was in optimizing the particular criterion function, and
provides no independent confirmation about the degree to which the clusters are meaningful.

An alternative way for validating the clustering results is to see how stable they are when adding noise
to the data, or sub-sampling it [1]. This approach performs a sequence of sub-samplings of the dataset and
uses the same clustering procedure to produce clustering solutions for various sub-samples. These various
clustering results are then compared to see the degree to which they agree. The stable clustering solution
should be the one that gives similar clustering results across the different sub-samples. This approach can
also be easily used to determine the correct number of clusters in hierarchical clusterings solutions. The
stability test of clustering is performed at each level of the hierarchical tree, and the number of clusters k will
be the largest k value that still can produce stable clustering results.

Finally, a recent approach, with applications to clustering gene expression datasets, assesses the clustering
results of gene expression data by looking at the predictive power for one experimental condition from the
clustering results based on the other experimental conditions [75]. The key idea behind this approach is that
if one condition is left out, then the clusters generated from the remaining conditions should exhibit lower
variation in the left-out condition than randomly formed clusters. Yeung et al. [75] defined the figure of merit
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(FOM) to be the summation of intra-cluster variance for each one of the clustering instances in which one of
the conditions was not used during cluster (i.e., left-out condition). Among the various clustering solutions,
they prefer the one that exhibits the least variation, and their experiments showed that in the context of
clustering gene expression data, this method works quite well. The limitation of this approach is that it is not
applicable to dataset in which all the attributes are independent. Moreover, this approach is only applicable
to low dimensional datasets, since computing the intra-cluster variance for each dimension is quite expensive
when the number of dimensions is very large.

5 Case Study: Clustering Gene Expression Data

Recently developed methods for monitoring genome-wide mRNA expression changes such as oligonucleotide
chips [24], and cDNA microarrays [62], are especially powerful as they allow us to quickly and inexpensively
monitor the expression levels of a large number of genes at different time points, for different conditions, tis-
sues, and organisms. Knowing when and under what conditions a gene or a set of genes is expressed often
provides strong clues as to their biological role and function.

Clustering algorithms are used as an essential tool to analyze these data sets and provide valuable insight
on various aspects of the genetic machinery. There are four distinct classes of clustering problems that
can be formulated from the gene expression datasets, each addressing a different biological problem. The
first problem focuses on finding co-regulated genes by grouping together genes that have similar expression
profiles. These co-regulated genes can be used to identify promoter elements by finding conserved areas in
their upstream regions. The second problem focuses on finding distinctive tissue types, by grouping together
tissues whose genes have similar expression profiles. These tissue groups can then be further analyzed to
identify the genes that best distinguish the various tissues. The third clustering problem focuses on finding
common inducers by grouping together conditions for which the expression profiles of the genes are similar.
Finding such groups of common inducers will allow us to substitute different “trigger” mechanisms that still
elicit the same response (e.g., similar drugs, or similar herbicides or pesticides). Finally, the fourth clustering
problem focuses on finding organisms that exhibit similar responses over a specified set of tested conditions,
by grouping together organisms for which the expression profiles of their genes (in an ortholog sense) are
similar. This would allow us to identify organisms with similar responses to chosen conditions (e.g., microbes
that share a pathway).

In the rest of this section we briefly review the approaches behind cDNA and oligonucleotide microarrays,
and discuss various issues related to clustering such gene expression datasets.

5.1 Overview of Microarray Technologies

DNA microarrays measure gene expression levels by exploiting the preferential binding of complementary,
single-stranded nucleic acid sequences. cDNA microarrays, developed at Stanford University, are glass slides,
to which single-stranded DNA molecules are attached at fixed locations (spots) by high-speed robotic print-
ing [9]. Each array may contain tens of thousands of spots, each of which corresponds to a single gene.
mRNA from the sample and from control cells is extracted and cDNA is prepared by reverse transcription.
Then, cDNA is labeled with two fluorescent dyes and washed over the microarray so that cDNA sequences
from both populations hybridize to their complementary sequences in the spots. The amount of cDNA from
both populations bound to a spot can be measured by the level of fluorescence emitted from each dye. For
example, the sample cDNA is labeled with a red dye and the control cDNA is labeled with a green dye. Then,
if the mRNA from the sample population is in abundance, the spot will be red; if the mRNA from the control
population is in abundance, it will be green; if sample and control bind equally the spot will be yellow; if
neither binds, it will appear black. Thus, the relative expression levels of the genes in the sample and control
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populations can be estimated from the fluorescent intensities and colors for each spot. After transforming the
raw images produced by microarrays into relative fluorescent intensity via some image processing software,
the gene expression levels are estimated as log-ratios of the relative intensities. A gene expression matrix can
be formed by combining multiple microarray experiments of the same set of genes but under different condi-
tions, where each row corresponds to a gene and each column corresponds to a condition (i.e., a microarray
experiment) [9].

The Affymetrix GeneChip oligonucleotide array contains several thousand single stranded DNA oligonu-
cleotide probe pairs. Each probe pair consists of an element containing oligonucleotides that perfectly match
the target (PM probe) and an element containing oligonucleotides with a single base mismatch (MM probe).
A probe set consists of a set of probe pairs corresponding to a target gene. Similarly, the labeled RNA is
extracted from sample cell and hybridizes to its complementary sequence. The expression level is measured
by determining the difference between the PM and MM probes. Then, for each gene, i.e., probe set, average
difference or log average can be calculated, where average difference is defined as the average difference
between the PM and MM of every probe pair in a probe set and log average is defined as the average log
ratios of the PM/MM intensities for each probe pair in a probe set.

5.2 Data Preparation and Normalization

Many sources of systematic variation may affect the measured gene expression levels in microarray exper-
iments [74]. For the GeneChip experiments, scaling/normalization must be performed for each experiment
before combining them together, so that they can have the same Target Intensity (TGT). The scaling factor
of each experiment is determined by the array intensity of the experiment and the common Target Intensity,
where the array intensity is a composite of the average difference intensities across the entire array.

For cDNA microarray experiments, two fluorescent dyes are involved and cause more systematic variation,
which makes normalization more important. In particular, this variation could be caused by differences in
RNA amounts, differences in labeling efficiency between the two fluorescent dyes, and image acquisition
parameters. Such biases can be removed by a constant adjustment to each experiment to force the distribution
of the log-ratios have a median of zero. Since an experiment corresponds to one column in the gene expression
array, this global normalization can be done by subtracting the mean/median of the gene expression levels of
one experiment from the original values, so that the mean value for this experiment (column) is 0.

However, there are other sources of systematic variation that global normalization may not be able to
correct. Yang et al. [74] pointed out that dye biases can depend on spot overall intensity and location on the
array. Given the red and green fluorescence intensities (R, G) of all the spots in one slide, they plotted the log
intensity ratio M = log R

G vs. the mean log-intensity A = log
√

RG, which shows clear dependence of the
log ratio M on overall spot intensity A. Hence, an intensity related normalization was proposed, where the
original log-ratio log R

G is subtracted by C(A). C(A) is a scatter-plot smoother fit to the M vs. A plot using
robust locally linear fits.

5.3 Similarity Measures

In most microarray clustering applications our goal is to find clusters of genes and/or clusters of conditions.
A number of different methods have been proposed for computing these similarities, including Euclidean-
distance based similarities, correlation coefficients, and mutual information.

The use of correlation coefficient-based similarities is primarily motivated by the fact that while cluster-
ing gene expression datasets we are interested on how the expression levels of different genes are related
under various conditions. The correlation coefficient values between genes (Equation 5) can be used directly
or transformed to absolute values if genes of both positive and negative correlations are important in the
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application.
An alternate way of measuring the similarity is to use the mutual information between a pair of genes.

The mutual information between two information sources A and B represent how much information the two
sources contain for each other. D. Haeseleer et al. [16] used mutual information to define the relationship
between two conditions A and B. This was done by initially discretizing the gene expression levels into
various bins, and using this discretization to compute the Shannon entropy of conditions A and B as follows

SA = −
∑

i

pi log pi ,

where pi is the frequency of each bin. Given these entropy values, then the mutual information between A
and B is defined as

M(A, B) = SA + SB − SA,B .

A feature common to many similarity measures used for microarray data is that they almost never con-
sider the length of the corresponding gene- or condition-vectors, that is the actual value of the differential
expression level, but focus only on various measures of relative change and/or how these relative measures
are correlated between two genes or conditions [75, 71, 21]. The reasons for this is two-fold. First, there is
still significant experimental errors in measuring the expression level of a gene, and is not reliable to use it
“as-is”. Second, in most cases we are only interested on how the different genes change across the different
conditions (i.e., either up-regulated or down-regulated) and we are not interested for the exact amount of this
change.

5.4 Clustering Approaches for Gene Expression Data

Since the early days of the development of the microarray technologies, a wide range of existing clustering
algorithms have been used, and novel new approaches have been developed for clustering gene expression
datasets. The most effective traditional clustering algorithms are based either on the group-average varia-
tion of the agglomerative clustering methodology, or the K -means approach applied to unit-length gene or
condition expression vectors. Unlike other applications of clustering in life sciences, such as the construc-
tion of phylogenetic trees, or guide trees for multiple sequence alignment, there is no biological reason that
justifies that the structure of the correct clustering solution is in the form of a tree. Thus, agglomerative so-
lutions are inherently sub-optimal when compared to partitional approaches, that allow for a wider range of
feasible solutions at various levels of cluster granularity. However, despite this, the agglomerative solutions
tend to produce reasonable and biologically meaningful results, and allow for an easy visualization of the
relationships between the various genes and/or conditions in the experiments.

The ease of visualizing the results has also led to the extensive use of Self-Organizing Maps (SOM) for
gene expression clustering [48, 71]. The SOM method starts with a geometry of “nodes” of a simple topology
(e.g., grid and ring) and a distance function on the nodes. Initially, the nodes are mapped randomly into the
gene expression space, in which the i th coordinate represents the expression level in the i th condition. At
each following iteration, a data point P , i.e., a gene expression profile, is randomly selected and the data
point P will attract nodes to itself. The nearest node Np to P will be identified and moved the most, and
other nodes will be adjusted depending on their distances to the nearest node N p toward the data point P .
The advantages of using SOMs are its structured approach which makes visualization very easy. However,
the method requires the user to specify the number of clusters as well as the grid topology, including the
dimensions of the grid and the number of clusters in each dimension.

From the successes obtained in using K -means and group-average-based clustering algorithms, as well as
other similar algorithms [5, 64], it appears that the clusters in the context of gene expression datasets are glob-
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ular in nature. This should not be surprising as researchers are often interested in obtaining clusters whose
genes have similar expression patterns/profiles. Such a requirement automatically lends itself to globular
clusters, in which the pairwise similarity between most object-pairs is quite high. However, as the dimen-
sionality of these datasets continue to increase (primarily by increasing the number of conditions that are
analyzed), requiring consistency across the entire set of conditions will be unrealistic. As a result approaches
that try to find tight clusters in subspaces of these conditions may gain popularity.

6 CLUTO: A Clustering Toolkit

We now turn our focus on providing a brief overview of CLUTO (release 2.0), a software package for clus-
tering low- and high-dimensional datasets and for analyzing the characteristics of the various clusters, that
has been developed by our group and is available at http://www.cs.umn.edu/˜karypis/cluto. CLUTO has been
developed as a general purpose clustering toolkit. CLUTO’s distribution consists of both stand-alone pro-
grams (vcluster and scluster) for clustering and analyzing these clusters, as well as a library via which
an application program can access directly the various clustering and analysis algorithms implemented in
CLUTO. To date, CLUTO has been successfully used to cluster datasets arising in many diverse application
areas including information retrieval, commercial datasets, scientific datasets, and biological applications.

CLUTO implements three different classes of clustering algorithms that can operate either directly in the
object’s feature space or in the object’s similarity space. The clustering algorithms provided by CLUTO are
based on the partitional, agglomerative, and graph-partitioning paradigms. CLUTO’s partitional and agglom-
erative algorithms are able to find clusters that are primarily globular, whereas its graph-partitioning and some
of its agglomerative algorithms are capable of finding transitive clusters.

A key feature in most of CLUTO’s clustering algorithms is that they treat the clustering problem as an
optimization process which seeks to maximize or minimize a particular clustering criterion function defined
either globally or locally over the entire clustering solution space. CLUTO provides a total of seven differ-
ent criterion functions that have been shown to produce high-quality clusters in low- and high-dimensional
datasets. The equations of these criterion functions are shown in Table 1, and they were derived and ana-
lyzed in [80, 79]. In addition to these criterion functions, CLUTO provides some of the more traditional local
criteria (e.g., single-link, complete-link, and group-average) that can be used in the context of agglomerative
clustering.

An important aspect of partitional-based criterion-driven clustering algorithms is the method used to opti-
mize this criterion function. CLUTO uses a randomized incremental optimization algorithm that is greedy in
nature, has low computational requirements, and produces high-quality clustering solutions [80]. Moreover,
CLUTO’s graph-partitioning-based clustering algorithms utilize high-quality and efficient multilevel graph
partitioning algorithms derived from the METIS and hMETIS graph and hypergraph partitioning algorithms
[44, 43]. Moreover, CLUTO’s algorithms have been optimized for operating on very large datasets both in
terms of the number of objects, as well as, the number of dimensions. This is especially true for CLUTO’s
algorithms for partitional clustering. These algorithms can quickly cluster datasets with several tens of thou-
sands objects and several thousands of dimensions. Moreover, since most high-dimensional datasets are very
sparse, CLUTO directly takes into account this sparsity and requires memory that is roughly linear on the
input size.

In the rest of this section we present a short description of CLUTO’s stand-alone programs followed by
some illustrative examples of how it can be used for clustering biological datasets.
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Table 1: The mathematical definition of CLUTO’s clustering criterion functions. The notation in these equations are as
follows: k is the total number of clusters, S is the total objects to be clustered, Si is the set of objects assigned to the
i th cluster, ni is the number of objects in the i th cluster, v and u represent two objects, and sim(v, u) is the similarity
between two objects.

6.1 Usage Overview

The vcluster and scluster programs are used to cluster a collection of objects into a predetermined number of
clusters k. The vcluster program treats each object as a vector in a high-dimensional space, and it computes
the clustering solution using one of five different approaches. Four of these approaches are partitional in
nature, whereas the fifth approach is agglomerative. On the other hand, the scluster program operates on the
similarity space between the objects but can compute the overall clustering solution using the same set of five
different approaches.

Both the vcluster and scluster programs are invoked by providing two required parameters on the com-
mand line along with a number of optional parameters. Their overall calling sequence is as follows:

vcluster [optional parameters] MatrixFile NClusters
scluster [optional parameters] GraphFile NClusters

MatrixFile is the name of the file that stores the n objects that need to be clustered. In vcluster, each of these
objects is considered to be a vector in an m-dimensional space. The collection of these objects is treated as
an n × m matrix, whose rows correspond to the objects, and whose columns correspond to the dimensions
of the feature space. Similarly, GraphFile, is the name of the file that stores the adjacency matrix of the
similarity graph between the n objects to be clustered. The second argument for both programs, NClusters,
is the number of clusters that is desired.

Figure 1 shows the output of vcluster for clustering a matrix into 10 clusters. From this figure we see
that vcluster initially prints information about the matrix, such as its name, the number of rows (#Rows),
the number of columns (#Columns), and the number of non-zeros in the matrix (#NonZeros). Next it prints
information about the values of the various options that it used to compute the clustering, and the number of
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desired clusters (#Clusters). Once it computes the clustering solution, it displays information regarding the
quality of the overall clustering solution, as well as, the quality of each cluster, using a variety of internal
quality measures. These measures include the average pairwise similarity between each object of the cluster
and its standard deviation (“ISim” and “ISdev”)), and the average similarity between the objects of each clus-
ter to the objects in the other clusters and their standard deviation (“ESim” and “ESdev”). Finally, vcluster
reports the time taken by the various phases of the program.

�

�

�

�

prompt% vcluster sports.mat 10
*******************************************************************************
vcluster (CLUTO 2.0) Copyright 2001-02, Regents of the University of Minnesota

Matrix Information -----------------------------------------------------------
Name: sports.mat, #Rows: 8580, #Columns: 126373, #NonZeros: 1107980

Options ----------------------------------------------------------------------
CLMethod=RB, CRfun=I2, SimFun=Cosine, #Clusters: 10
RowModel=None, ColModel=IDF, GrModel=SY-DIR, NNbrs=40
Colprune=1.00, EdgePrune=-1.00, VtxPrune=-1.00, MinComponent=5
CSType=Best, AggloFrom=0, AggloCRFun=I2, NTrials=10, NIter=10

Solution ---------------------------------------------------------------------

------------------------------------------------------------------------
10-way clustering: [I2=2.29e+03] [8580 of 8580]
------------------------------------------------------------------------
cid Size ISim ISdev ESim ESdev |
------------------------------------------------------------------------
0 364 +0.166 +0.050 +0.020 +0.005 |
1 628 +0.106 +0.041 +0.022 +0.007 |
2 793 +0.102 +0.036 +0.018 +0.006 |
3 754 +0.100 +0.034 +0.021 +0.006 |
4 845 +0.095 +0.035 +0.023 +0.007 |
5 637 +0.079 +0.036 +0.022 +0.008 |
6 1724 +0.059 +0.026 +0.022 +0.007 |
7 703 +0.049 +0.018 +0.016 +0.006 |
8 1025 +0.054 +0.016 +0.021 +0.006 |
9 1107 +0.029 +0.010 +0.017 +0.006 |

------------------------------------------------------------------------

Timing Information -----------------------------------------------------------
I/O: 0.920 sec
Clustering: 12.440 sec
Reporting: 0.220 sec

*******************************************************************************

Figure 1: Output of vcluster for matrix sports.mat and a 10-way clustering.

6.2 Summary of Biological Relevant Features

The behavior of vcluster and scluster can be controlled by specifying over 30 different optional parameters.
These parameters can be broadly categorized into three groups. The first group controls various aspects of
the clustering algorithm, the second group controls the type of analysis and reporting that is performed on
the computed clusters, and the third set controls the visualization of the clusters. Some of the most important
parameters are shown in Table 2, and are described in the context of clustering biological datasets in the rest
of this section.

6.3 Clustering Algorithms

The -clmethod parameter controls the type of algorithms to be used for clustering. The first two methods,
(i.e., “rb” and “direct”) follow the partitional paradigm described in Section 2.1. The difference between
them is the method they use to compute the k-way clustering solution. In the case of “rb”, the k-way clus-
tering solution is computed via a sequence of repeated bisections, whereas in the case of “direct”, the entire
k-way clustering solution is computed at one step. CLUTO’s traditional agglomerative algorithm is imple-
mented by the “agglo” option, whereas the “graph” option implements a graph-partitioning based clustering
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Parameter Values Function
-clmethod rb, direct, agglo, graph Clustering Method
-sim cos, corr, dist Similarity measures
-crfun �1, �2, �1, �1, �′

1, �1, �2, slink, wslink, clink, wclink, upgma Criterion Function
-agglofrom (int) Where to start agglomeration
-fulltree Builds a tree within each cluster
-showfeatures Display cluster’s feature signature
-showtree Build a tree on top of clusters
-labeltree Provide key features for each tree node
-plottree (filename) Plots the agglomerative tree
-plotmatrix (filename) Plots the input matrices
-plotclusters (filename) Plots cluster-cluster matrix
-clustercolumn Simultaneously cluster the features

Table 2: Key parameters of CLUTO’s clustering algorithms.

algorithm, that is well-suited for finding transitive clusters. The method used to define the similarity be-
tween the objects is specified by the -sim parameter, and supports the cosine (“cos”), correlation coefficient
(“corr”), and a Euclidean distance derived similarity (“dist”). The clustering criterion function that is used by
the partitional and agglomerative algorithms is controlled by the -crfun parameter. The first seven criterion
functions (described in Table 1) are used by both partitional and agglomerative, whereas the last five (single-
link, weighted-single-link, complete-link, weighted-complete-link, and group-average) are only applicable to
agglomerative clustering.

A key feature of CLUTO’s is that allows you to combine partitional and agglomerative clustering ap-
proaches. This is done by the -agglofrom parameter in the following way. The desired k-way clustering
solution is computed by first clustering the dataset into m clusters (m > k), and then uses an agglomerative
algorithm to group some of these clusters to form the final k-way clustering solution. The number of clusters
m is the value supplied to -agglofrom. This approach was motivated by the two-phase clustering approach
of the CHAMELEON algorithm [42], and was designed to allow the user to compute a clustering solution that
uses a different clustering criterion function for the partitioning phase from that used for the agglomeration
phase. An application of such an approach is to allow the clustering algorithm to find non-globular clusters.
In this case, the partitional clustering solution can be computed using a criterion function that favors globu-
lar clusters (e.g., ‘i2’), and then combine these clusters using a single-link approach (e.g., ‘wslink’) to find
non-globular but well-connected clusters.

6.4 Building Tree for Large Datasets

Hierarchical agglomerative trees are used extensively in life sciences as they provide an intuitive way to orga-
nize and visualize the clustering results. However, there are two limitations with such trees. First, hierarchical
agglomerative clustering may not be the optimal way to cluster data in which there is no biological reason to
suggest that the objects are related with each other in a tree-fashion. Second, hierarchical agglomerative clus-
tering algorithms have high computational and memory requirements, making them impractical for datasets
with more than a few thousand objects.

To address these problems CLUTO provides the -fulltree option that can be used to produce a complete
tree using a hybrid of partitional and agglomerative approaches. In particular, when -fulltree is specified,
CLUTO builds a complete hierarchical tree that preserves the clustering solution that was computed. In
this hierarchical clustering solution, the objects of each cluster form a subtree, and the different subtrees
are merged to get an all inclusive cluster at the end. Furthermore, the individual trees are combined in a
meaningful way, so that to accurately represent the similarities within each tree.
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Figure 2 shows the trees produced on a sample gene expression dataset. The first tree was obtained using
the agglomerative clustering algorithm, whereas the second tree was obtained using the repeated-bisecting
method in which the -fulltree was specified.
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(b)

Figure 2: (a) Shows the clustering solution produced by the agglomerative method. (b) Shows the clustering solution
produced by the repeated-bisecting method and -fulltree
.

6.5 Analyzing the Clusters

In addition to the core clustering algorithms, CLUTO provides tools to analyze each of the clusters and identify
what are the features that best describe and discriminate each one of the clusters. To some extent, these
analysis methods try to identify the dense subspaces in which each cluster is formed. This is accomplished
by the -showfeatures and -labeltree parameters.

Figure 3 shows the output produced by vcluster when -showfeatures was specified for a dataset consisting
of protein sequences and the 5mers that they contain. Looking at this figure, we can see that the set of
descriptive and discriminating features are displayed right after the table that provides statistics for the various
clusters. For each cluster, vcluster displays three lines of information. The first line contains some basic
statistics for each cluster corresponding to the cluster-id (cid), number of objects in each cluster (Size), the
average pairwise similarity between the cluster’s objects (ISim), and the average pairwise similarity to the
rest of the objects (ESim). The second line contains the five most descriptive features, whereas the third line
contains the five most discriminating features. The features in these lists are sorted in decreasing descriptive
or discriminating order.

Right next to each feature, vcluster displays a number that in the case of the descriptive features is the
percentage of the within cluster similarity that this particular feature can explain. For example, for the 0th
cluster, the 5mer “GTSMA” explains 58.5% of the average similarity between the objects of the 0th cluster. A
similar quantity is displayed for each one of the discriminating features, and is the percentage of the dissimi-
larity between the cluster and the rest of the objects which this feature can explain. In general there is a large
overlap between descriptive and discriminating features, with the only difference being that the percentages
associated with the discriminating features are typically smaller than the corresponding percentages of the
descriptive features. This is because some of the descriptive features of a cluster may also be present in a
small fraction of the objects that do not belong to this cluster.
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*******************************************************************************
vcluster (CLUTO 2.0) Copyright 2001-02, Regents of the University of Minnesota

Matrix Information -----------------------------------------------------------
Name: peptide5.mat, #Rows: 1539, #Columns: 2965, #NonZeros: 50136

Options ----------------------------------------------------------------------
CLMethod=RB, CRfun=I2, SimFun=Cosine, #Clusters: 10
RowModel=None, ColModel=IDF, GrModel=SY-DIR, NNbrs=40
Colprune=1.00, EdgePrune=-1.00, VtxPrune=-1.00, MinComponent=5
CSType=Best, AggloFrom=0, AggloCRFun=I2, NTrials=10, NIter=10

Solution ---------------------------------------------------------------------

-----------------------------------------------------------------------------
10-way clustering: [I2=5.03e+02] [1539 of 1539], Entropy: 0.510, Purity: 0.638
-----------------------------------------------------------------------------
cid Size ISim ISdev ESim ESdev Entpy Purty | 1 2 3 4 5
-----------------------------------------------------------------------------
0 50 +0.439 +0.139 +0.001 +0.001 0.061 0.980 | 0 0 1 49 0
1 109 +0.275 +0.113 +0.019 +0.010 0.156 0.945 | 0 3 3 103 0
2 99 +0.246 +0.089 +0.001 +0.001 0.096 0.970 | 0 1 96 2 0
3 227 +0.217 +0.074 +0.010 +0.005 0.129 0.956 | 0 3 7 217 0
4 121 +0.197 +0.092 +0.001 +0.001 0.258 0.893 | 0 108 6 7 0
5 127 +0.113 +0.064 +0.001 +0.001 0.425 0.780 | 99 5 21 2 0
6 112 +0.109 +0.101 +0.001 +0.001 0.553 0.661 | 1 74 12 25 0
7 202 +0.043 +0.040 +0.001 +0.002 0.741 0.421 | 4 6 78 85 29
8 268 +0.029 +0.029 +0.001 +0.001 0.880 0.302 | 81 47 81 55 4
9 224 +0.027 +0.024 +0.001 +0.001 0.860 0.312 | 1 57 70 37 59

-----------------------------------------------------------------------------
--------------------------------------------------------------------------------
10-way clustering solution - Descriptive & Discriminating Features...
--------------------------------------------------------------------------------
Cluster 0, Size: 50, ISim: 0.439, ESim: 0.001

Descriptive: GTSMA 58.5%, HGTHV 37.7%, PSTVV 0.4%, LGASG 0.4%, KELKK 0.3%
Discriminating: GTSMA 29.6%, HGTHV 19.1%, GDSGG 2.7%, DSGGP 2.5%, TAAHC 2.0%

Cluster 1, Size: 109, ISim: 0.275, ESim: 0.019
Descriptive: SGGPL 8.6%, RPYMA 7.6%, VLTAA 7.2%, TAAHC 6.9%, DSGGP 6.3%

Discriminating: RPYMA 5.5%, PHSRP 4.3%, SRPYM 4.3%, HSRPY 3.9%, KGDSG 3.3%

Cluster 2, Size: 99, ISim: 0.246, ESim: 0.001
Descriptive: HEFGH 13.2%, CGVPD 6.5%, RCGVP 6.3%, PRCGV 6.1%, VAAHE 5.3%

Discriminating: HEFGH 6.8%, CGVPD 3.3%, RCGVP 3.2%, PRCGV 3.1%, GDSGG 2.9%

Cluster 3, Size: 227, ISim: 0.217, ESim: 0.010
Descriptive: GDSGG 8.3%, DSGGP 6.7%, CQGDS 5.7%, QGDSG 5.6%, TAAHC 4.4%

Discriminating: CQGDS 3.5%, QGDSG 3.3%, NSPGG 2.6%, GDSGG 2.3%, CGGSL 2.1%

Cluster 4, Size: 121, ISim: 0.197, ESim: 0.001
Descriptive: CGSCW 13.9%, GSCWA 10.2%, SCWAF 8.4%, KNSWG 5.3%, GCNGG 5.0%

Discriminating: CGSCW 7.1%, GSCWA 5.2%, SCWAF 4.3%, GDSGG 2.9%, KNSWG 2.7%

Cluster 5, Size: 127, ISim: 0.113, ESim: 0.001
Descriptive: DTGSS 6.0%, FDTGS 4.0%, TGSSD 3.0%, IGTPP 2.7%, GTPPQ 2.6%

Discriminating: DTGSS 3.1%, GDSGG 2.8%, DSGGP 2.6%, TAAHC 2.0%, SGGPL 2.0%

Cluster 6, Size: 112, ISim: 0.109, ESim: 0.001
Descriptive: KDELR 2.2%, IEASS 1.6%, RWAVL 1.6%, TFLKR 1.4%, EEKIK 1.3%

Discriminating: GDSGG 2.8%, DSGGP 2.6%, TAAHC 2.0%, SGGPL 2.0%, LTAAH 1.4%

Cluster 7, Size: 202, ISim: 0.043, ESim: 0.001
Descriptive: NSPGG 46.9%, HELGH 12.1%, ALLEV 7.0%, VLAAA 2.6%, GYVDA 1.7%

Discriminating: NSPGG 24.5%, HELGH 5.1%, ALLEV 3.6%, GDSGG 2.9%, DSGGP 2.6%

Cluster 8, Size: 268, ISim: 0.029, ESim: 0.001
Descriptive: QACRG 13.7%, IQACR 7.5%, DTGAD 2.9%, VDTGA 2.5%, LDTGA 1.2%

Discriminating: QACRG 7.1%, IQACR 3.9%, GDSGG 2.9%, DSGGP 2.6%, TAAHC 2.1%

Cluster 9, Size: 224, ISim: 0.027, ESim: 0.001
Descriptive: LAAIA 4.3%, TDNGA 3.0%, LKTAV 1.4%, TQYGG 1.1%, GFRRL 1.1%

Discriminating: GDSGG 2.9%, DSGGP 2.6%, LAAIA 2.2%, TAAHC 2.1%, SGGPL 2.0%
--------------------------------------------------------------------------------

Timing Information -----------------------------------------------------------
I/O: 0.040 sec
Clustering: 0.470 sec
Reporting: 0.040 sec

*******************************************************************************

Figure 3: Output of vcluster for matrix sports.mat and a 10-way clustering that shows the descriptive and discriminating
features of each cluster.
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6.6 Visualizing the Clusters

CLUTO’s programs can produce a number of visualizations that can be used to see the relationships between
the clusters, objects, and features. You have already seen one of them in Figure 2 that was produced by the
-plotmatrix parameter. The same parameter can be used to visualized sparse high-dimensional datasets. This
is illustrated in Figure 4(a) for the protein dataset used earlier. As we can see from that plot, vcluster shows
the rows of the input matrix re-ordered in such a way so that the rows assigned to each one of the ten clusters
are numbered consecutively. The columns of the displayed matrix are selected to be the union of the most
descriptive and discriminating features of each cluster, and are ordered according to the tree produced by an
agglomerative clustering of the columns. Also, at the top of each column, the label of each feature is shown.
Each non-zero positive element of the matrix is displayed by a different shade of red. Entries that are bright
red correspond to large values and the brightness of the entries decreases as their value decrease. Also note
that in this visualization both the rows and columns have been reordered using a hierarchical tree.

Finally, Figure 4(b) shows the type of visualization that can be produced when -plotcluster is specified for
a sparse matrix. This plot shows the clustering solution shown at Figure 4(a) by replacing the set of rows in
each cluster by a single row that corresponds to the centroid vector of the cluster. The -plotcluster option is
particularly useful for displaying very large datasets, as the number of rows in the plot is only equal to the
number of clusters.

7 Future Research Directions in Clustering

Despite the huge body of research in cluster analysis, there are a number of open problems and research
opportunities, especially in the context of clustering datasets arising in life sciences. Existing clustering
algorithms for sequence and structure datasets operate on the object’s similarity space. As discussed in
Section 2.2, such algorithms are quite limiting as they cannot scale to very large datasets, cannot be used
to find clusters that have conserved features (e.g., sequence or structural motifs), and cannot be used to
provide a description as to why a set of objects was assigned to the same cluster that is native to the object’s
features. The only way to overcome these shortcomings is to develop algorithms that operate directly on
either the sequences or structures. Thus, opportunities for future research can be broadly categorized into
three groups. (i) Development of computationally efficient and scalable algorithms for large sequence and
structure datasets. (ii) Development of clustering algorithms for sequence and structure datasets that operate
directly on the object’s native representation. (iii) Development of clustering algorithms that can provide
concise explanations on the characteristics of the objects that were assigned to each cluster.

References
[1] A. Elisseeff A. Ben-Hur and I. Guyon. A stability based method for discovering structure in clustered data. In

Pacific Symposium on Biocomputing, 2002.

[2] Charu C. Aggarwal, Stephen C. Gates, and Philip S. Yu. On the merits of building categorization systems by
supervised clustering. In Proc. of the Fifth ACM SIGKDD Int’l Conference on Knowledge Discovery and Data
Mining, pages 352–356, 1999.

[3] R. Agrawal, J. Gehrke, D. Gunopulos, and P. Raghavan. Automatic subspace clustering of high dimensional data
for data mining applications. In Proc. of 1998 ACM-SIGMOD Int. Conf. on Management of Data, 1998.

[4] Stephen Altschul, Warren Gish, Webb Miller, Eugene Myers, and David Lipman. Basic local alignment search tool.
Journal of Molecular Biology, 215:403–410, 1990.

[5] A. Ben-Dor and Yakhini Z. Clustering gene expression patterns. In International Conference on Computational
Molecular Biology, 1999.

21



row00001

row00002

row00003

row00004

row00005

row00006

row00007

row00008

row00009

row00010

row00011

row00012

row00013

row00014

row00015

row00016

row00017

row00018

row00019

row00020

row00021

row00022

row00023

row00024

row00025

row00026

row00027

row00028

row00029

row00030

row00031

row00032

row00033

row00034

row00035

row00036

row00037

row00038

row00039

row00040

row00041

row00042

row00043

row00044

row00045

row00046

row00047

row00048

row00049

row00050

row00051

row00052

row00053

row00054

row00055

row00056

row00057

row00058

row00059

row00060

row00061

row00062

row00063

row00064

row00065

row00066

row00067

row00068

row00069

row00070

row00071

row00072

row00073

row00074

row00075

row00076

row00077

row00078

row00079

row00080

row00081

row00082

row00083

row00084

row00085

row00086

row00087

row00088

row00089

row00090

row00091

row00092

row00093

row00094

row00095

row00096

row00097

row00098

row00099

row00100

row00101

row00102

row00103

row00104

row00105

row00106

row00107

row00108

row00109

row00110

row00111

row00112

row00113

row00114

row00115

row00116

row00117

row00118

row00119

row00120

row00121

row00122

row00123

row00124

row00125

row00126

row00127

row00128

row00129

row00130

row00131

row00132

row00133

row00134

row00135

row00136

row00137

row00138

row00139

row00140

row00141

row00142

row00143

row00144

row00145

row00146

row00147

row00148

row00149

row00150

row00151

row00152

row00153

row00154

row00155

row00156

row00157

row00158

row00159

row00160

row00161

row00162

row00163

row00164

row00165

row00166

row00167

row00168

row00169

row00170

row00171

row00172

row00173

row00174

row00175

row00176

row00177

row00178

row00179

row00180

row00181

row00182

row00183

row00184

row00185

row00186

row00187

row00188

row00189

row00190

row00191

row00192

row00193

row00194

row00195

row00196

row00197

row00198

row00199

row00200

row00201

row00202

row00203

row00204

row00205

row00206

row00207
row00208

row00209

row00210

row00211

row00212

row00213

row00214

row00215

row00216

row00217

row00218

row00219

row00220

row00221

row00222

row00223

row00224

row00225

row00226

row00227

row00228

row00229

row00230

row00231

row00232

row00233

row00234

row00235

row00236

row00237

row00238

row00239

row00240

row00241

row00242

row00243

row00244

row00245

row00246

row00247

row00248

row00249

row00250

row00251
row00252

row00253

row00254

row00255

row00256

row00257

row00258

row00259

row00260

row00261

row00262

row00263

row00264

row00265

row00266

row00267

row00268

row00269

row00270

row00271

row00272

row00273

row00274

row00275

row00276

row00277

row00278

row00279

row00280

row00281

row00282

row00283

row00284

row00285

row00286

row00287

row00288

row00289

row00290

row00291

row00292

row00293

row00294

row00295

row00296

row00297

row00298

row00299

row00300

row00301

row00302

row00303

row00304

row00305

row00306

row00307

row00308

row00309

row00310

row00311

row00312

row00313

row00314

row00315

row00316

row00317

row00318

row00319

row00320

row00321

row00322

row00323

row00324

row00325

row00326

row00327

row00328

row00329

row00330

row00331

row00332

row00333

row00334

row00335

row00336

row00337

row00338

row00339

row00340

row00341

row00342

row00343

row00344

row00345

row00346

row00347

row00348

row00349

row00350

row00351

row00352

row00353

row00354

row00355

row00356

row00357

row00358

row00359

row00360

row00361

row00362

row00363

row00364

row00365

row00366

row00367

row00368

row00369

row00370

row00371

row00372

row00373

row00374

row00375

row00376

row00377

row00378

row00379

row00380

row00381

row00382

row00383

row00384

row00385

row00386

row00387

row00388

row00389

row00390

row00391

row00392

row00393

row00394

row00395

row00396

row00397

row00398

row00399

row00400

row00401

row00402

row00403

row00404

row00405

row00406

row00407

row00408

row00409

row00410

row00411

row00412

row00413

row00414

row00415

row00416

row00417

row00418

row00419

row00420

row00421

row00422

row00423

row00424

row00425

row00426

row00427

row00428

row00429

row00430

row00431

row00432

row00433

row00434

row00435

row00436

row00437

row00438

row00439

row00440

row00441

row00442

row00443

row00444

row00445

row00446

row00447

row00448

row00449

row00450

row00451

row00452

row00453

row00454

row00455

row00456

row00457

row00458

row00459

row00460

row00461

row00462

row00463

row00464

row00465

row00466

row00467

row00468

row00469

row00470

row00471

row00472

row00473

row00474

row00475

row00476
row00477

row00478

row00479

row00480

row00481

row00482

row00483

row00484

row00485

row00486

row00487

row00488

row00489

row00490

row00491

row00492

row00493

row00494

row00495

row00496

row00497

row00498

row00499

row00500

row00501

row00502

row00503

row00504

row00505

row00506

row00507

row00508

row00509

row00510

row00511

row00512

row00513

row00514

row00515

row00516

row00517

row00518

row00519

row00520

row00521

row00522

row00523

row00524

row00525

row00526

row00527

row00528

row00529

row00530

row00531

row00532

row00533

row00534

row00535

row00536

row00537

row00538

row00539

row00540

row00541

row00542

row00543

row00544

row00545

row00546

row00547

row00548

row00549

row00550

row00551

row00552

row00553

row00554

row00555

row00556

row00557

row00558

row00559

row00560

row00561

row00562

row00563

row00564

row00565

row00566

row00567

row00568

row00569

row00570

row00571

row00572

row00573

row00574

row00575

row00576

row00577

row00578

row00579

row00580

row00581

row00582

row00583

row00584

row00585

row00586

row00587

row00588

row00589

row00590

row00591

row00592

row00593

row00594

row00595

row00596

row00597

row00598

row00599

row00600

row00601

row00602

row00603

row00604

row00605

row00606

row00607

row00608

row00609

row00610

row00611

row00612

row00613

row00614

row00615

row00616

row00617

row00618

row00619

row00620

row00621

row00622

row00623

row00624

row00625

row00626

row00627

row00628

row00629

row00630

row00631

row00632

row00633

row00634

row00635

row00636

row00637

row00638

row00639

row00640

row00641

row00642

row00643

row00644

row00645

row00646

row00647

row00648

row00649

row00650

row00651

row00652

row00653

row00654

row00655

row00656

row00657

row00658

row00659

row00660

row00661

row00662

row00663

row00664

row00665

row00666

row00667

row00668

row00669

row00670

row00671

row00672

row00673

row00674

row00675

row00676

row00677

row00678

row00679

row00680

row00681

row00682

row00683

row00684

row00685

row00686

row00687

row00688

row00689

row00690

row00691

row00692

row00693

row00694

row00695

row00696

row00697

row00698

row00699

row00700

row00701

row00702

row00703

row00704

row00705

row00706

row00707

row00708

row00709

row00710

row00711

row00712

row00713

row00714

row00715

row00716

row00717

row00718

row00719

row00720

row00721

row00722

row00723

row00724

row00725

row00726

row00727

row00728

row00729

row00730

row00731

row00732

row00733

row00734

row00735

row00736

row00737

row00738

row00739

row00740

row00741

row00742

row00743

row00744

row00745

row00746

row00747

row00748

row00749

row00750

row00751

row00752

row00753

row00754

row00755

row00756

row00757
row00758

row00759

row00760

row00761

row00762

row00763

row00764

row00765

row00766

row00767

row00768

row00769

row00770

row00771

row00772

row00773

row00774

row00775

row00776

row00777

row00778

row00779

row00780

row00781

row00782

row00783

row00784

row00785

row00786

row00787

row00788

row00789

row00790

row00791

row00792

row00793

row00794

row00795

row00796

row00797

row00798

row00799

row00800

row00801

row00802

row00803

row00804

row00805

row00806

row00807

row00808

row00809

row00810

row00811

row00812

row00813

row00814

row00815

row00816

row00817

row00818

row00819

row00820

row00821

row00822

row00823

row00824

row00825

row00826

row00827

row00828

row00829

row00830

row00831

row00832

row00833

row00834

row00835

row00836

row00837

row00838

row00839

row00840

row00841

row00842

row00843

row00844

row00845

row00846

row00847

row00848

row00849

row00850

row00851

row00852

row00853

row00854

row00855

row00856

row00857

row00858

row00859

row00860

row00861

row00862

row00863

row00864

row00865

row00866

row00867

row00868

row00869

row00870

row00871

row00872

row00873

row00874

row00875

row00876

row00877

row00878

row00879

row00880

row00881

row00882

row00883

row00884

row00885

row00886

row00887

row00888

row00889

row00890

row00891

row00892

row00893

row00894

row00895

row00896

row00897

row00898

row00899

row00900

row00901

row00902

row00903

row00904

row00905

row00906

row00907

row00908

row00909

row00910

row00911

row00912

row00913

row00914

row00915

row00916

row00917

row00918

row00919

row00920

row00921

row00922

row00923

row00924

row00925

row00926

row00927

row00928

row00929

row00930

row00931

row00932

row00933

row00934

row00935

row00936

row00937

row00938

row00939

row00940

row00941

row00942

row00943

row00944

row00945

row00946

row00947

row00948

row00949

row00950

row00951

row00952

row00953

row00954

row00955

row00956

row00957

row00958

row00959

row00960

row00961

row00962

row00963

row00964

row00965

row00966

row00967

row00968

row00969

row00970

row00971

row00972

row00973

row00974

row00975

row00976

row00977

row00978

row00979

row00980

row00981

row00982

row00983

row00984

row00985

row00986

row00987

row00988

row00989

row00990

row00991

row00992

row00993

row00994

row00995

row00996

row00997

row00998

row00999

row01000

row01001

row01002

row01003

row01004

row01005

row01006

row01007

row01008

row01009

row01010

row01011

row01012

row01013

row01014

row01015

row01016

row01017

row01018

row01019

row01020

row01021

row01022

row01023

row01024

row01025

row01026

row01027

row01028

row01029

row01030

row01031

row01032

row01033

row01034

row01035

row01036

row01037

row01038

row01039

row01040

row01041

row01042

row01043

row01044

row01045

row01046

row01047

row01048

row01049

row01050

row01051

row01052

row01053

row01054

row01055
row01056

row01057

row01058

row01059

row01060

row01061

row01062

row01063

row01064

row01065

row01066

row01067

row01068

row01069

row01070

row01071

row01072

row01073

row01074

row01075

row01076

row01077

row01078

row01079

row01080

row01081

row01082

row01083

row01084

row01085

row01086

row01087

row01088

row01089

row01090

row01091

row01092

row01093

row01094

row01095

row01096

row01097

row01098

row01099

row01100

row01101

row01102

row01103

row01104

row01105

row01106

row01107

row01108

row01109

row01110

row01111

row01112

row01113

row01114

row01115

row01116

row01117

row01118

row01119

row01120

row01121

row01122

row01123

row01124

row01125

row01126

row01127

row01128

row01129

row01130

row01131

row01132

row01133

row01134

row01135

row01136

row01137

row01138

row01139

row01140

row01141

row01142

row01143

row01144

row01145

row01146

row01147

row01148

row01149

row01150

row01151

row01152

row01153

row01154

row01155

row01156

row01157

row01158

row01159

row01160

row01161

row01162

row01163

row01164

row01165

row01166

row01167

row01168

row01169

row01170

row01171

row01172

row01173

row01174

row01175

row01176

row01177

row01178

row01179

row01180

row01181

row01182

row01183

row01184

row01185

row01186

row01187

row01188

row01189

row01190

row01191

row01192

row01193

row01194

row01195

row01196

row01197

row01198

row01199

row01200

row01201

row01202

row01203

row01204

row01205

row01206

row01207

row01208

row01209

row01210

row01211

row01212

row01213

row01214

row01215

row01216

row01217

row01218

row01219

row01220

row01221

row01222

row01223

row01224

row01225

row01226

row01227

row01228

row01229

row01230

row01231

row01232

row01233

row01234

row01235

row01236

row01237

row01238

row01239

row01240

row01241

row01242

row01243

row01244

row01245

row01246

row01247
row01248

row01249

row01250

row01251

row01252

row01253

row01254

row01255

row01256

row01257

row01258

row01259

row01260

row01261
row01262

row01263

row01264

row01265

row01266

row01267

row01268

row01269

row01270

row01271

row01272

row01273

row01274

row01275

row01276

row01277

row01278
row01279

row01280

row01281

row01282

row01283

row01284

row01285

row01286

row01287

row01288

row01289

row01290

row01291

row01292

row01293

row01294

row01295

row01296

row01297

row01298

row01299

row01300

row01301

row01302

row01303

row01304

row01305

row01306

row01307

row01308

row01309

row01310

row01311

row01312

row01313

row01314

row01315

row01316

row01317

row01318

row01319

row01320

row01321

row01322

row01323

row01324

row01325

row01326

row01327

row01328

row01329

row01330

row01331

row01332

row01333

row01334

row01335

row01336

row01337

row01338

row01339

row01340

row01341

row01342

row01343

row01344

row01345

row01346

row01347

row01348

row01349

row01350

row01351

row01352

row01353

row01354

row01355

row01356

row01357

row01358

row01359

row01360

row01361

row01362

row01363

row01364

row01365

row01366

row01367

row01368

row01369

row01370

row01371

row01372

row01373

row01374

row01375

row01376

row01377

row01378

row01379

row01380

row01381

row01382

row01383

row01384

row01385

row01386

row01387

row01388

row01389

row01390

row01391

row01392

row01393

row01394

row01395

row01396

row01397

row01398

row01399

row01400

row01401

row01402

row01403

row01404

row01405

row01406

row01407

row01408

row01409

row01410

row01411

row01412

row01413

row01414

row01415

row01416

row01417

row01418

row01419

row01420

row01421

row01422

row01423

row01424

row01425

row01426

row01427

row01428

row01429

row01430

row01431

row01432

row01433

row01434

row01435

row01436

row01437

row01438

row01439

row01440

row01441

row01442

row01443

row01444

row01445

row01446

row01447

row01448

row01449

row01450

row01451

row01452

row01453

row01454

row01455

row01456

row01457

row01458

row01459

row01460

row01461

row01462

row01463

row01464

row01465

row01466

row01467

row01468

row01469

row01470

row01471

row01472

row01473

row01474

row01475

row01476

row01477

row01478

row01479

row01480
row01481

row01482

row01483

row01484

row01485

row01486

row01487

row01488

row01489

row01490

row01491

row01492

row01493

row01494

row01495

row01496

row01497

row01498

row01499

row01500

row01501

row01502

row01503

row01504

row01505

row01506

row01507

row01508

row01509

row01510

row01511

row01512

row01513

row01514

row01515

row01516

row01517

row01518

row01519

row01520

row01521

row01522

row01523

row01524

row01525

row01526

row01527

row01528

row01529

row01530

row01531

row01532

row01533

row01534

row01535

row01536

row01537

row01538

row01539

A
E

R
LI

A
G

E
R

I

A
G

Y
V

T

A
IF

Q
S

A
IG

T
V

A
IK

K
K

A
LF

LL

A
LQ

D
S

A
P

Q
F

S

A
Q

E
E

H

A
V

V
IQ

A
Y

F
T

I

D
A

Y
F

T

D
D

ILI

D
G

ILG

D
G

LLG

D
LIA

E

D
N

G
P

A

D
S

G
T

T

D
S

IV
A

D
S

R
Y

A

D
T

G
A

D

D
T

G
S

S

D
T

G
T

S

D
T

G
T

T

D
T

V
LE

E
E

K
IK

E
IC

E
K

E
ILK

E

E
LE

A
F

E
LE

LA

F
D

G
IL

F
D

T
G

S

G
A

H
T

N

G
D

G
S

S

G
D

T
P

I

G
F

G
S

T

G
G

IG
G

G
G

Y
S

A

G
ILG

L

G
K

E
A

L

G
LLG

L

G
LP

H
P

G
P

A
F

V

G
P

G
E

L

G
S

S
A

S

G
S

S
D

L

G
S

S
N

L

G
T

P
P

Q

IE
E

LR

IG
D

A
Y

IG
T

P
P

IIF
G

G
ILG

D
N

ILG
D

V

IW
G

K
T

K
A

LV
E

K
E

LK
K

K
K

K
K

S

K
LV

G
K

K
LV

S
A

LD
S

G
T

LD
T

G
A

LE
G

K
I

LE
K

IE

LG
D

N
F

LG
D

V
F

LG
LA

Y

LIA
E

I

LIR
G

K

LK
E

A
L

LK
N

Q
I

LK
P

G
M

LK
T

A
V

LK
V

G
K

LLD
S

G

LLD
T

G

LT
E

A
V

LV
A

V
H

LV
D

T
G

LV
G

V
L

LW
ILG

LW
V

P
S

M
E

K
E

G

N
G

P
A

F

N
IIG

R

N
LW

V
P

P
F

R
K

A

P
G

E
LL

P
G

K
R

Y

P
LH

E
D

P
LT

E
E

P
LV

R
L

P
T

K
W

K

Q
E

F
G

I

Q
E

V
K

M

Q
K

IG
K

Q
LE

K
E

Q
N

P
D

I

Q
V

D
K

L

R
E

ILK

S
D

LE
I

S
IV

A
G

S
K

IG
P

S
LN

LP

S
N

LW
V

S
S

A
S

G

S
S

D
LW

S
S

N
LW

S
Y

G
D

G

T
D

N
G

A

T
D

S
R

Y

T
G

D
T

P

T
G

S
A

D

T
G

S
S

D

T
G

S
S

N

T
G

T
T

L

T
K

LG
K

T
LP

S
V

T
P

D
K

K

T
S

Q
E

V

V
A

G
IE

V
A

S
R

Q

V
D

T
G

A

V
D

T
G

S

V
G

D
A

Y

V
IF

D
T

V
LF

LD

V
R

LLA

W
ILG

D

Y
F

G
T

I

Y
F

T
IP

Y
G

D
G

S

Y
LT

P
V

Y
S

LY
L

Y
T

D
G

S

Y
Y

D
P

S

A
N

K
T

R

A
R

Y
A

F

A
S

LS
P

A
T

LA
L

A
V

G
Y

G

C
G

G
V

L

C
G

S
C

W

C
N

G
G

L

C
W

A
F

S

D
A

S
LS

F
A

P
LY

G
C

N
G

G

G
LQ

S
S

G
Q

C
G

G

G
S

C
W

A

IE
A

S
S

IIE
N

G

IK
N

S
W

IQ
A

C
R

IR
S

V
P

K
D

E
LR

K
F

R
D

I

K
G

A
V

T

K
N

S
W

G

K
R

D
IL

K
V

C
V

D

LE
E

K
G

LLV
G

Y

LS
E

Q
Q

M
A

S
LE

N
D

S
V

A

N
G

S
LK

N
G

V
T

L

N
H

A
V

L

N
IIE

N

P
LV

C
G

P
S

T
V

V

P
T

LR
Q

P
V

C
LL

P
V

K
N

Q

Q
A

C
R

G

Q
C

G
G

V

Q
T

R
H

V
Q

V
S

T
Q

R
A

G
Q

C

R
A

R
E

A

R
D

LLV

R
F

Y
T

L

R
IE

P
V

R
IV

S
I

R
LIE

A

R
N

E
K

F

R
R

K
LE

R
W

A
V

L

S
C

W
A

F

S
E

Q
E

L

S
G

Q
P

S

S
LE

E
K

S
LS

E
Q

S
Q

F
D

S

S
Y

N
E

V

T
F

LK
R

T
G

H
T

S

V
A

T
N

I

V
D

D
F

N
V

D
N

T
L

V
K

N
Q

G

V
K

N
S

W

V
LLV

G

V
P

W
IS

V
T

F
LK

V
T

G
S

A

V
T

P
V

K

Y
G

D
D

V

Y
N

E
V

D

A
D

IM
I

C
G

V
P

D

D
A

H
F

D

E
M

D
G

F

G
D

A
H

F

G
H

S
LG

G
K

T
LL

G
P

P
G

T

G
V

P
D

V

H
E

F
G

H

H
E

LG
H

H
S

LG
L

K
T

LLA

LA
H

A
F

LF
LV

A

P
F

D
G

P

P
G

R
F

D

P
R

C
G

V
R

C
G

V
P

R
P

G
R

F

T
G

K
T

L

V
A

A
H

E

A
A

H
C

F

A
A

H
C

L

A
A

H
C

Y

A
C

Q
G

D

C
G

G
S

L

C
Q

G
D

S

C
R

N
P

D

D
IA

LL

D
S

C
Q

G

D
S

G
G

P

E
G

G
K

D

F
C

G
G

S

G
D

S
G

G

G
G

K
D

S

G
G

P
LI

G
G

P
LV

G
G

S
LI

G
K

D
S

C

G
P

LIC

G
P

LV
C

G
T

S
M

A

G
V

V
S

W

H
F

C
G

G

H
G

T
H

V

H
S

R
P

Y

K
G

D
S

G

LT
A

A
H

M
F

C
A

G

M
LC

A
G

N
D

IA
L

N
D

IM
L

N
S

P
G

G

P
G

V
Y

T

P
H

S
R

P

P
W

Q
V

S

Q
G

D
S

G

R
IV

G
G

R
P

Y
M

A

R
V

V
G

G

S
A

A
H

C

S
C

Q
G

D

S
G

G
P

L

S
R

P
Y

M

T
A

A
H

C

V
A

G
W

G

V
LT

A
A

V
S

G
W

G

V
T

G
W

G

V
V

S
W

G

W
P

W
Q

V
W

Q
V

S
L

W
V

LT
A

Y
C

R
N

P

A
A

D
R

R

A
A

D
S

R

A
D

A
R

V

A
D

R
V

A

A
G

G
A

A

A
G

LD
P

A
G

LT
A

A
IA

A
D

A
IG

G
S

A
LLE

V

A
M

E
R

D

A
S

T
F

S

A
T

A
M

G

A
V

E
LA

A
Y

S
G

G

D
G

G
V

V

D
N

IE
V

D
R

R
F

G

E
A

G
D

T
F

A
E

Y
I

F
A

IG
G

F
F

P
Y

Y

F
G

V
S

L

F
LE

K
N

F
Q

V
E

Y

F
S

P
D

G

F
S

P
S

G

G
A

V
Y

S

G
E

A
G

D

G
F

R
R

L

G
G

S
G

S

G
LT

A
D

G
S

A
A

D

G
S

G
S

P

G
S

G
S

S

G
S

G
S

T

G
V

S
LL

G
Y

V
D

A

ID
E

E
L

IG
G

S
G

IG
S

G
G

ILT
LK

K
LG

S
T

LA
A

IA

LA
D

A
R

LA
G

LA

LA
R

R
A

LF
Q

V
E

LG
A

S
G

LG
T

M
A

LT
A

D
A

LT
LK

E

M
V

Y
Q

Y

N
G

K
T

F

N
Y

V
N

G

Q
T

D
P

S

Q
V

E
Y

A

R
D

G
S

S

R
F

F
P

Y

R
S

G
S

A

S
G

G
V

I

S
G

S
A

A

S
G

S
S

Y

S
LD

LI

S
P

D
G

R

S
T

G
S

G

S
V

S
A

A

T
IS

Q
A

T
Q

Y
G

G

T
T

IM
A

T
T

LA
F

V
A

A
A

S

V
E

K
R

I

V
E

LA
K

V
LA

A
A

V
LG

A
D

V
R

P
F

G
V

V
LA

V

V
Y

Q
E

P

Y
A

Y
G

V

Y
IG

LA

cl
us

te
r 

0
cl

us
te

r 
1

cl
us

te
r 

2
cl

us
te

r 
3

cl
us

te
r 

4
cl

us
te

r 
5

cl
us

te
r 

6
cl

us
te

r 
7

cl
us

te
r 

8
cl

us
te

r 
9

cl
us

te
r 

10
cl

us
te

r 
11

cl
us

te
r 

12
cl

us
te

r 
13

cl
us

te
r 

14
cl

us
te

r 
15

cl
us

te
r 

16
cl

us
te

r 
17

cl
us

te
r 

18
cl

us
te

r 
19

0 (2
4)

1 (3
6)

2 (3
4)

3 (5
0)

4 (6
5)

5 (5
9)

6 (5
0)

7
(1

09
)

8
(1

18
)

9 (6
8)

10 (1
21

)

11 (5
9)

12 (5
8)

13 (1
12

)

14 (7
1)

15 (1
05

)

16 (9
9)

17 (8
7)

18 (9
5)

19 (1
19

)

A
E

R
LI

A
G

E
R

I

A
G

Y
V

T

A
IF

Q
S

A
IG

T
V

A
IK

K
K

A
LF

LL

A
LQ

D
S

A
P

Q
F

S

A
Q

E
E

H

A
V

V
IQ

A
Y

F
T

I

D
A

Y
F

T

D
D

ILI

D
G

ILG

D
G

LLG

D
LIA

E

D
N

G
P

A

D
S

G
T

T

D
S

IV
A

D
S

R
Y

A

D
T

G
A

D

D
T

G
S

S

D
T

G
T

S

D
T

G
T

T

D
T

V
LE

E
E

K
IK

E
IC

E
K

E
ILK

E

E
LE

A
F

E
LE

LA

F
D

G
IL

F
D

T
G

S

G
A

H
T

N

G
D

G
S

S

G
D

T
P

I

G
F

G
S

T

G
G

IG
G

G
G

Y
S

A

G
ILG

L

G
K

E
A

L

G
LLG

L

G
LP

H
P

G
P

A
F

V

G
P

G
E

L

G
S

S
A

S

G
S

S
D

L

G
S

S
N

L

G
T

P
P

Q

IE
E

LR

IG
D

A
Y

IG
T

P
P

IIF
G

G
ILG

D
N

ILG
D

V

IW
G

K
T

K
A

LV
E

K
E

LK
K

K
K

K
K

S

K
LV

G
K

K
LV

S
A

LD
S

G
T

LD
T

G
A

LE
G

K
I

LE
K

IE

LG
D

N
F

LG
D

V
F

LG
LA

Y

LIA
E

I

LIR
G

K

LK
E

A
L

LK
N

Q
I

LK
P

G
M

LK
T

A
V

LK
V

G
K

LLD
S

G

LLD
T

G

LT
E

A
V

LV
A

V
H

LV
D

T
G

LV
G

V
L

LW
ILG

LW
V

P
S

M
E

K
E

G

N
G

P
A

F

N
IIG

R

N
LW

V
P

P
F

R
K

A

P
G

E
LL

P
G

K
R

Y

P
LH

E
D

P
LT

E
E

P
LV

R
L

P
T

K
W

K

Q
E

F
G

I

Q
E

V
K

M

Q
K

IG
K

Q
LE

K
E

Q
N

P
D

I

Q
V

D
K

L

R
E

ILK

S
D

LE
I

S
IV

A
G

S
K

IG
P

S
LN

LP

S
N

LW
V

S
S

A
S

G

S
S

D
LW

S
S

N
LW

S
Y

G
D

G

T
D

N
G

A

T
D

S
R

Y

T
G

D
T

P

T
G

S
A

D

T
G

S
S

D

T
G

S
S

N

T
G

T
T

L

T
K

LG
K

T
LP

S
V

T
P

D
K

K

T
S

Q
E

V

V
A

G
IE

V
A

S
R

Q

V
D

T
G

A

V
D

T
G

S

V
G

D
A

Y

V
IF

D
T

V
LF

LD

V
R

LLA

W
ILG

D

Y
F

G
T

I

Y
F

T
IP

Y
G

D
G

S

Y
LT

P
V

Y
S

LY
L

Y
T

D
G

S

Y
Y

D
P

S

A
N

K
T

R

A
R

Y
A

F

A
S

LS
P

A
T

LA
L

A
V

G
Y

G

C
G

G
V

L

C
G

S
C

W

C
N

G
G

L

C
W

A
F

S

D
A

S
LS

F
A

P
LY

G
C

N
G

G

G
LQ

S
S

G
Q

C
G

G

G
S

C
W

A

IE
A

S
S

IIE
N

G

IK
N

S
W

IQ
A

C
R

IR
S

V
P

K
D

E
LR

K
F

R
D

I

K
G

A
V

T

K
N

S
W

G

K
R

D
IL

K
V

C
V

D

LE
E

K
G

LLV
G

Y

LS
E

Q
Q

M
A

S
LE

N
D

S
V

A

N
G

S
LK

N
G

V
T

L

N
H

A
V

L

N
IIE

N

P
LV

C
G

P
S

T
V

V

P
T

LR
Q

P
V

C
LL

P
V

K
N

Q

Q
A

C
R

G

Q
C

G
G

V

Q
T

R
H

V
Q

V
S

T
Q

R
A

G
Q

C

R
A

R
E

A

R
D

LLV

R
F

Y
T

L

R
IE

P
V

R
IV

S
I

R
LIE

A

R
N

E
K

F

R
R

K
LE

R
W

A
V

L

S
C

W
A

F

S
E

Q
E

L

S
G

Q
P

S

S
LE

E
K

S
LS

E
Q

S
Q

F
D

S

S
Y

N
E

V

T
F

LK
R

T
G

H
T

S

V
A

T
N

I

V
D

D
F

N
V

D
N

T
L

V
K

N
Q

G

V
K

N
S

W

V
LLV

G

V
P

W
IS

V
T

F
LK

V
T

G
S

A

V
T

P
V

K

Y
G

D
D

V

Y
N

E
V

D

A
D

IM
I

C
G

V
P

D

D
A

H
F

D

E
M

D
G

F

G
D

A
H

F

G
H

S
LG

G
K

T
LL

G
P

P
G

T

G
V

P
D

V

H
E

F
G

H

H
E

LG
H

H
S

LG
L

K
T

LLA

LA
H

A
F

LF
LV

A

P
F

D
G

P

P
G

R
F

D

P
R

C
G

V
R

C
G

V
P

R
P

G
R

F

T
G

K
T

L

V
A

A
H

E

A
A

H
C

F

A
A

H
C

L

A
A

H
C

Y

A
C

Q
G

D

C
G

G
S

L

C
Q

G
D

S

C
R

N
P

D

D
IA

LL

D
S

C
Q

G

D
S

G
G

P

E
G

G
K

D

F
C

G
G

S

G
D

S
G

G

G
G

K
D

S

G
G

P
LI

G
G

P
LV

G
G

S
LI

G
K

D
S

C

G
P

LIC

G
P

LV
C

G
T

S
M

A

G
V

V
S

W

H
F

C
G

G

H
G

T
H

V

H
S

R
P

Y

K
G

D
S

G

LT
A

A
H

M
F

C
A

G

M
LC

A
G

N
D

IA
L

N
D

IM
L

N
S

P
G

G

P
G

V
Y

T

P
H

S
R

P

P
W

Q
V

S

Q
G

D
S

G

R
IV

G
G

R
P

Y
M

A

R
V

V
G

G

S
A

A
H

C

S
C

Q
G

D

S
G

G
P

L

S
R

P
Y

M

T
A

A
H

C

V
A

G
W

G

V
LT

A
A

V
S

G
W

G

V
T

G
W

G

V
V

S
W

G

W
P

W
Q

V
W

Q
V

S
L

W
V

LT
A

Y
C

R
N

P

A
A

D
R

R

A
A

D
S

R

A
D

A
R

V

A
D

R
V

A

A
G

G
A

A

A
G

LD
P

A
G

LT
A

A
IA

A
D

A
IG

G
S

A
LLE

V

A
M

E
R

D

A
S

T
F

S

A
T

A
M

G

A
V

E
LA

A
Y

S
G

G

D
G

G
V

V

D
N

IE
V

D
R

R
F

G

E
A

G
D

T
F

A
E

Y
I

F
A

IG
G

F
F

P
Y

Y

F
G

V
S

L

F
LE

K
N

F
Q

V
E

Y

F
S

P
D

G

F
S

P
S

G

G
A

V
Y

S

G
E

A
G

D

G
F

R
R

L

G
G

S
G

S

G
LT

A
D

G
S

A
A

D

G
S

G
S

P

G
S

G
S

S

G
S

G
S

T

G
V

S
LL

G
Y

V
D

A

ID
E

E
L

IG
G

S
G

IG
S

G
G

ILT
LK

K
LG

S
T

LA
A

IA

LA
D

A
R

LA
G

LA

LA
R

R
A

LF
Q

V
E

LG
A

S
G

LG
T

M
A

LT
A

D
A

LT
LK

E

M
V

Y
Q

Y

N
G

K
T

F

N
Y

V
N

G

Q
T

D
P

S

Q
V

E
Y

A

R
D

G
S

S

R
F

F
P

Y

R
S

G
S

A

S
G

G
V

I

S
G

S
A

A

S
G

S
S

Y

S
LD

LI

S
P

D
G

R

S
T

G
S

G

S
V

S
A

A

T
IS

Q
A

T
Q

Y
G

G

T
T

IM
A

T
T

LA
F

V
A

A
A

S

V
E

K
R

I

V
E

LA
K

V
LA

A
A

V
LG

A
D

V
R

P
F

G
V

V
LA

V

V
Y

Q
E

P

Y
A

Y
G

V

Y
IG

LA

(a)

(b)

Figure 4: Various visualizations generated by the -plotmatrix (a) and -plotclusters (b) parameter
.
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