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ABSTRACT
Advancesin the efficient discovery of frequentitemsetshave led
to thedevelopmentof a numberof schemesthatusefrequentitem-
setsto aid developingaccurateandefficient classifiers.Theseap-
proachesusethe frequentitemsetsto generatea setof composite
features that expandthe dimensionalityof the underlyingdataset.
In this paper, we build upon this work and (i) presenta variety
of schemesfor compositefeatureselectionthatachieve a substan-
tial reductionin the numberof featureswithout adverselyaffect-
ing theaccuracy gains,and(ii) show (bothanalyticallyandexper-
imentally)thatthecompositefeaturescanleadto improvedclassi-
ficationmodelseven in thecontext of supportvectormachines,in
whichthedimensionalitycanautomaticallybeexpandedby theuse
of appropriatekernelfunctions.

Categoriesand SubjectDescriptors
H.2.8[DatabaseManagement]: DatabaseApplications—Datamin-
ing; I.2.6 [Artificial Intelligence]: Learning—Conceptlearning

GeneralTerms
Algorithms

Keywords
Classification,SVM, FeatureSelection,ConjunctiveAttributes,As-
sociationRules

1. INTR ODUCTION
After theseminalpaperbyAgrawalet al. [2] onassociationrules,

thefield of associatingrulesandespeciallyits sub-fieldof frequent
itemsetgenerationhasseena greatdealof researchactivity. The
extensive researchin this field hasled to the developmentof effi-
cienttechniquesfor generating,storingandpruningfrequentitem-
�
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sets[18, 7, 1, 23]. Theseadvancesaccompaniedby growth in the
computingpowerhasmadethetaskof frequentitemsetsgeneration
muchmoremanageable,thanin thepast.

As a result, we have witnessedan increasedinterestin devel-
opingschemesthatusefrequentlyoccurringitemsetsto aid in the
developmentof accurateandefficient classificationalgorithms.To
this end, two generalapproacheshave beendeveloped. The first
approachusesthe frequentlyoccurringitemsetsto generatea set
of rules,thatarethenusedto build rule-basedclassifiers[11, 10].
The secondapproachfirst expandsthe dataset’s featurespaceby
using the frequentlyoccurringitemsetsto form new dimensions,
andthenusestraditionalalgorithmsto build classificationmodels
in that expandedfeaturespace[9, 24]. Despitethe differencesof
theseapproaches,the commonthemethat underliesthem is that
they usedthefrequentlyoccurringitemsetsto generateasetof com-
positefeatures. Theideaof usingcompositefeaturesto expandthe
featurespaceis not new andhasbeenextensively studiedby the
machinelearningcommunity[17, 26]. Most of theseschemesuse
a greedyapproachto find the compositefeatures;hence,they do
notsearchtheentirespaceof all possibleattribute-valueconjuncts.
However, frequentitemset-basedapproacheshavetheadvantageof
exhaustively generatingall possiblecompositefeatures,beforese-
lecting which onesto usefor classification.Experimentalresults
presentedin [11, 10, 24, 9] illustratethat theuseof frequentlyoc-
curring itemsetscanleadto measurableimprovementsin classifi-
cationaccuracy.

In thispaper, webuild uponthiswork andfurtherinvestigatethe
useof frequentlyoccurringitemsetsascompositefeaturesfor clas-
sification. In particular, our researchis focusedin two directions.
First,weinvestigatetheimpactof variousschemesfor selectingthe
mostdiscriminatingsetof compositefeatures,andsecond,we in-
vestigatetheextentto which theresultingsetof compositefeatures
canleadto improvedclassificationmodelsin thecontext of support
vectormachines,in which thedimensionalitycanbeautomatically
expandedby theuseof appropriatekernelfunctions. Towardsthe
first direction,we presenta varietyof schemesthat selecta setof
non-redundantdiscriminatorycompositefeatures,andshow thata
substantialreductionin the numberof featurescan be obtained,
without adverselyaffectingtheaccuracy gainsachievedby theuse
of suchcompositefeatures.Towardstheseconddirection,weshow
that even thoughhigherorderpolynomialkernelfunctionsdo au-
tomaticallygenerateall possiblecompositefeatures,it is still ben-
eficial to manuallyexpandthefeaturespaceby usingthediscrimi-
natoryfrequent-itemsets.WeprovethataSVM modellearntin the
manuallyexpandedfeaturespacewill have a lower generalization
error thanthatbuilt by thecorrespondinghigherorderpolynomial
kernel,a fact that wasexperimentallyverified usinga setof syn-
theticallygenerateddatasets.
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Thepaperis organizedasfollows,Section2 presentstherelated
research� andSection3 discussestheterminologyusedin thispaper.
Section4 explainsin detailthemethodologyusedfor classification,
Section5 presentsa detailedanalysisof our approach,specifically
in context of differentclassifiers,Section6 presentstheclassifica-
tion results,andfinally Section7 presentstheconclusion.

2. RELATED RESEARCH
Theideaof usingcompositefeatureshasbeenwell studiedin the

field of machinelearningandgoesunderthenameof constructive
induction. Constructiveinductionis a processof creatingnew fea-
tures/attributesfrom the task-suppliedattributesandthenbuilding
a modelon boththesenew aswell astasksuppliedattributes[17].
For mostcasesthis approachis diametricallyoppositeof dimen-
sionality reduction;dimensionalityreductiontries to eliminateat-
tributes/featureswhereasconstructive induction expandsthe fea-
turespacebeforebuilding theclassificationmodel.Therearemany
waysof creatingnew features,Zhengetal [26] presentsa discus-
sion of using conjunctive, disjunctive and x of N features. The
featuresof type x of N were first studiedby Murphy etal [15].
Brodley etal [3] considercompositefeatureswhich aremodeled
aslinear functions,which operateon differentattributevalues.In
thispaperwe will belimiting ourselvesto thestudyof conjunctive
attribute-values,a detaileddiscussionaboutthe advantagesof us-
ing conjunctiveattributesin context of SVM classifieris presented
in Section5.

It is obvious that expandingthe featurespaceto encompassall
possibleattribute-valueconjuncts/disjunctswouldmakethedataset
too largeandintractableto build a classificationmodel.Therefore,
themainchallengein thefield of constructiveinductionis to intel-
ligently searchthefeaturespaceandselectasmallsetof composite
featuresthat leadsto an improved classifier, eitherby improving
theaccuracy or by improving theunderstand-abilityof theclassifi-
cationmodel.

Constructiveinduction has beenmainly usedin the conjunc-
tion with two classificationschemes:decisiontreesandrule based
systems. This shouldnot be surprisingas using compositefea-
turesleadto substantiallysmallerandmoreunderstandabledeci-
sion trees.Themethodologyusedin learningdifferentcomposite
featurebaseddecisiontreesis roughly the same[6, 12]. First, a
decisiontreeis built on the task-suppliedattributes,thena candi-
dateset of compositeattributes/featuresis constructedby taking
conjunctionsand/ordis-junctionsof attributesvaluesalongdiffer-
ent pathsof the decisiontree, from this candidateseta small set
of compositeattributesareretained,whicharethenincorporatedin
thedatasetandthesefour stepsarerepeatedin a loop. Theprocess
stopswhensufficiently accuratedecisiontreeis built. Thesetech-
niquesmake useof the attributesselectedby the decisiontreeto
restrictthesearchspaceof possiblecompositefeatures.

Compositefeatureshavealsobeenusedin conjunctionwith rule
basedsystems. Zheng etal, [25] presenta modification of the
c4.5rulesschemeto useconjunctions/disjunctionsof attributeval-
ues.In their approachfirst rulesaregeneratedusingthetraditional
c4.5rules[16] scheme,thenacandidatesetof conjunctive/disjunctive
featuresaregeneratedfrom theserules,next this candidateset is
evaluatedto retaina smallsetof compositeattributes.

Liu etal, [11] proposeanovel techniquefor usingattributevalue
conjunctions.First,they exhaustivelygenerateall possibleattribute-
valueconjuncts(compositefeatures)usinga frequentitemsetdis-
coveryalgorithm,next a pruningschemeis usedto eliminatecom-
posite features/frequentitemsetsthat have supportand/or confi-
dencebelow certainthreshold.This leavesanextremelysmall set
of compositefeatures.Thenconsideringeachcompositefeatureas

arule,amodifiedversionof sequentialcoveringalgorithmfor rules
is runonthemto obtainthefinal orderingof rules.Thisschemewill
be referredasCBA (ClassbasedAssociations).Li etal. [10] ex-
tendtheCBA approachby usinga modifiedversionof sequential
covering algorithm,wherean exampleis eliminatedonly after it
hascovereda sufficient numberof rules(compositefeatures),this
schemewill bereferredasCMAR (Classificationbasedon Multi-
pleAssociationRules).

3. TERMINOLOGY
Thedataset

�
usedfor classificationisdefinedby thetuple � A� C � ,

whereA ��� A1 � A2 � A3 �
	�	�	 Ak 
 aretheattributesdescribingeach
examplein thedatasetandC isafinitesetof classlabels� c1 � c2 � c3 ��	�	�	 cm 
 .
Eachattribute Ai is assumedto have a finite domainof attribute-
valuesthat is know in advance. Note that this modelcannothan-
dle continuousattributesand they needto be discretizedbefore-
hand[5, 4]. Eachexampleei in the dataset

�
is representedas

��� A1 � a1i � A2 � a2i � A3 � a3i ��	�	�	 Ak � aki � � ci 
 , wherea1i
correspondsto theattribute-valuefor attributeA1 andci is theclass
label assignedto the exampleei . From this usersuppliedrepre-
sentationa setof compositefeatureswill be generated,suchthat
eachcompositefeature Ac representsa conjunctionof attribute-
values,Ac ����� A1 � a1i ��� � A3 � a3 j ��� � A5 � a5k ��
 . For
example,given the datasetshown in Figure 1, the � Outlook �
sunny � Wi ndy � Tr ue
 is an exampleof a compositefeature.
Notethatacompositefeatureareformedby takingconjunctionsof
attribute-valuepairsandnot justattributes.Thesizeof acomposite
featureis equalto thenumberof attribute-valuepairspresentin the
compositefeature.

An exampleei supportscompositefeature Ac, representedas
Ac � ei , if all the attribute-value pairs presentin Ac are also
presentei . Wecandefineasimilar relationshipbetweencomposite
attributesthemselves, Ac1 � Ac2, if all the attribute- valuepairs
presentin Ac1 are also presentin Ac2. Furthermore,Ac1 is re-
ferredasa parentof Ac2, and Ac2 a child of Ac1, if si ze� Ac2 � �
si ze� Ac1 ��� 1. Sometimeswe will alsorefer Ac2 asanextension
of Ac1. For theexampleshown in Figure1 thecompositefeature
� Outlook � sunny � Wi ndy � Tr ue
 is presentin examples� 1,
4, 5 and8
 . To furthersimplify this representationwe canassigna
uniqueinteger to all theuniqueattribute-valuepairsaswell asthe
compositefeaturesselected.

4. CLASSIFICATION METHODOLOGY
Our methodologyfor building a classifierusingcompositefea-

turesis dividedinto threesubtasks:

1. Generatingall thecompositefeaturesaboveasupportthresh-
old.

2. Pruningthissetto obtainasmallersetof compositefeatures.

3. Transformingtheusersupplieddatato incorporatethesese-
lectedcompositefeaturesand learninga classifieron this
transformeddataset.

Thesethreesubtasksareshown in Figure1.

4.1 GeneratingCompositeFeatures
This is thefirst sub-taskin our classificationprocedure;herewe

generateasetof candidatecompositefeatures.For thissub-taskwe
first transformthedatasetsothateachexampleis representedasa
setof integers,asdescribedin Section3. We thenrun a generic
frequentitemsetdiscoveryalgorithmonthisdatasetassumingeach
exampleasa transactionandeachattribute-valuein the example
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Figure 1: Various sub-tasksof our classificationprocedure asdefinedSection4

asan item. TheFrequentItemsetDiscoveryAlgorithm, henceforth
referredasFIDA, returnsa list of itemsetswhich occurfrequently
in the dataset. Eachitemsetrepresentsa compositefeaturethat
is a conjunctionof all the attribute-values(items) makingup that
itemset.In ourprocedurewe useLPMiner [18] asourFIDA.

The notion of frequent, i.e, what compositefeatureis consid-
eredas frequentis controlledby a userdefinedparameterto the
FIDA calledsupportthreshold. All the compositefeatures(item-
sets)generatedby FIDA have a supportabove thesupportthresh-
old. Supportfor a compositefeatureis definedasthe ratio of the
numberof exampleswhichcontainthecompositefeatureto theto-
tal numberof examplesin thedataset.Usinga supportthreshold,
insteadof exhaustively generatingcompositefeatures,ensuresthat
thediscoveredcompositefeaturesarestatisticallysignificant.The
exactvalueof supportthresholdis usuallydatasetdependentandis
suppliedby theuser.

Becausethedifferentclassescanbeof differentsize,caremust
be taken to ensurethat the compositefeaturesproperlycover all
classes.For this reasonwe first partition thecompletedatasetus-
ing theclasslabelof theexamplesinto specificclassdatasets. We
thenrun FIDA on eachof theseclassdatasets. This partitioning
ensuresthatsufficient compositefeaturesarediscoveredfor those
classlabelswhich occurrarely in the dataset.Next, we combine
compositefeaturesdiscoveredfrom eachof theclassdatasets. Af-
ter this stepeachcompositefeaturehasa vectorthat containsthe
frequency with which it occursin eachclass. Also, to facilitate
the efficient executionof the variouscompositefeatureselection
scheme,which will be describedin the next section,we storethe
compositefeaturesinto a lattice format. Every compositefeature
hasits child nodesthosecompositefeatureswhich canbe formed
by extendingit by oneattribute-valuepair. The lattice representa-
tion makesthetaskof featureselectionextremelyefficient.

4.2 SelectingCompositeFeatures
In this sub-taskwe selecta smallsetof compositefeaturesfrom

thosegeneratedby the FIDA. Thereare two motivationsbehind
featureselection:First, thegeneratedcompositefeaturescontaina
lot of noiseandredundancy thatif eliminatedwill resultin abetter

classifier. Second,thenumberof compositefeaturesgeneratedby
FIDA is quitelargeandcanaffect thetimeneededto build theclas-
sificationmodel. Our approachfor featureselectionis performed
in two steps,thefirst stepeliminatesredundantcompositefeatures
andthesecondstepselectsthemostdiscriminatorycompositefea-
tures.

4.2.1 DuplicateElimination
This selectionprocedureis basedon theobservationthata large

numberof the compositefeaturesdiscoveredby FIDA areredun-
dantas they provide identical information. As a result, thesere-
dundantfeaturescanbesafelyremovedwithoutaffectingtheaccu-
racy of the classifier. Two compositefeaturesaresaidto provide
identicalinformationif thesetof supportingexamplesof thesetwo
compositefeaturesis identical,closedfrequentitemset[22].

Thelatticerepresentationof thecompositefeaturesobtainedfrom
theFIDA makesthetaskof identifying duplicatesextremelyeasy.
For every nodein thelatticewe compareits classdistributionwith
its childrennodes(singleattribute-valueextension),andwe elim-
inate the child-nodeif the frequency distribution is identical. It
shouldbenotedthatthesetof supportingtransactionsfor anexten-
sion is a subsetof supportingtransactionfor a compositefeature,
this is by the subsumingpropertyof the frequentitemsets. Sec-
ondly, wealwayseliminatethelongerof thetwocompositefeatures
to ensurethattheselectedfeaturegeneralizesbetter.

4.2.2 SelectingDiscriminatoryCompositeFeature
A compositefeatureis considereddiscriminatoryfor aparticular

classif its presenceor absencein anexamplecanhelpin inferring
theclasslabelof thatexample. Therearemany metricsthateval-
uatethe discriminatoryability of a feature,and in our algorithm
we have experimentedwith two suchmetrics,confidence[2] and
j-measure [19]. Bothof thesemeasuresevaluatethediscriminatory
ability of acompositefeaturewith respecttoaparticularclasslabel.
Theconfidenceof aparticularcompositefeatureAc with respectto
classci is

conf i dence� Ac � ci � �
P � Ac � ci �

P � Ac �
�
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whereP � Ac � ci � is theprobabilityof observingthecompositefea-
ture A

"
c andtheclasslabelci togetherin thedatasetand P � Ac � is

theprobabilityof finding compositefeatureAc in thedataset.On
theotherhand,the j-measure of Ac with respectto classci is

j-measure� Ac � ci � � P � ci # Ac � log
P � ci # Ac �

P � ci � �

� 1 $ P � ci # Ac �%� log
1 $ P � ci # Ac �

1 $ P � ci �
whereP � ci # Ac � is theconditionalprobabilityof observingtheclass
ci giventhatcompositefeatureAc is presentin theexample.Com-
paringthesetwo metricswe canseethat (i) theconfidencemetric
takesinto accountonly the presenceof a compositefeaturein an
example,whereasthe j-measure considersboth the presenceand
absenceof a compositefeature;(ii) bothof themcanbecomputed
directly from theclassdistributionof acompositefeature.

Both of thesemetricscomputethe discriminatoryability of a
compositefeaturewith respectto a class-labeland not the com-
positefeatureasa whole. Thenext stepis to usethesemetricsto
selecta small setof compositefeatures.Theprocedureusedhere
is similar to the oneusedfor duplicateelimination. We compare
eachcompositefeature(Ac) with all of its parents(Acp) usingthe
discriminatorymetric, anddecideif that compositefeaturehasto
be selectedor eliminated. Therearefour possiblewaysin which
this selectioncan be donedependingon the way we comparea
compositefeatureand its parents. Assumingthat D � Ac � ci � is a
discriminatoryfunction,eitherconfidenceor j-measure, andAcp is
theparentof Ac, we canhave:

Select � Ac � � if & ci D � Ac � ci �(' max)
Acp
� D � Acp � ci �%� (1)

Select � Ac � � if & ci D � Ac � ci �(' min)
Acp
� D � Acp � ci �%� (2)

Select � Ac � � if * ci D � Ac � ci �+' max)
Acp
� D � Acp � ci �%� (3)

Select � Ac � � if * ci D � Ac � ci �+' min)
Acp
� D � Acp � ci �%� (4)

Let usconsidertheright handsideof theequations,if weusethe
maxfunctionfor selectingthecompositefeature,it meansthat the
compositefeaturewill beselectedonly if its discriminatoryability
is greaterthanall of its parents.On theotherhand,if themin func-
tion is used,thena compositefeatureis selectedif it is moredis-
criminatorythanat leastoneof its parents.Themaxfunctionleads
to anextremelyselective schemeascomparedto themin function.
Theleft handsideconsiderstheclasslabelsonwhichthemetriccan
becomputed,thecondition & ci impliesthatthecompositefeature
hasto bemorediscriminatoryw.r.t. all theclassesin orderfor it to
beselected;whereasthecondition * ci implies that thecomposite
featurehasto betteron any oneof theclasslabels. Thecondition
& ci cannever betrue if we usetheconfidencemetric;becausethe
sumof confidencefor differentclasslabelsis equalto 1	 0.

In ourschemeweusetheEquation3, i.e., amaxfunctionandwe
selectacompositefeatureif it is morediscriminatoryonany oneof
theclasslabels.Therearetwo advantagesof thisscheme.First, the
computationis extremelyefficient asit canbedonein conjunction
with duplicateelimination.Second,we do not needany additional
parametersfrom theuserto carryout thisscheme,sincewealways
compareacompositefeaturewith its parent.

4.3 Building the classificationmodel
Oncewe obtainthe setof compositefeatureswe transformthe

input datasetinto this expandedfeaturespace,eachinput exam-
ple is representedasa booleanvectorhaving sizeequalto thetotal
numberof selectedcompositefeatures.Eachelementin the vec-
tor correspondsto a compositefeatureandits valueis set to true
if that compositefeatureis presentin the example,andfalseoth-
erwise. Thesebooleanvectorsarethengiven to the classifierfor
building theclassificationmodel.WeuseSupportVectorMachines
SVM [20] asourclassifier;however, theclassifierrequirementsare
quitegenericandany classifierthatcanhandlebooleanvectorsas
input canbeused.

We also usesupportvector machinesto directly classify UCI
datasets,i.e., without generatingcompositefeatures.All continu-
ousattributesin the UCI datasetsarefirst discretized.Theneach
exampleis representedasa booleanvectorwith sizeequalto the
maximumnumberof attribute-values.As beforeanelementin the
booleanvectoris setto true,if theinputexamplecontainsthecorre-
spondingattribute-valueandfalseother. After obtainingaboolean
vectorrepresentationfor eachexampletheclassificationprocedure
is identicalto theonedescribedearlier.

5. ANALYSIS OF PROPOSEDAPPROACH
In this sectionwe will discussthe advantagesof the proposed

approachof creatingandselectingcompositefeaturesin thecontext
of SupportVector Machine(SVM)classifiers[20]. Before going
into thediscussionwedescribeourterminologyandbriefly explain
theworkingof theSVM classifier[21].

We assumethat we are given l datapoints xi � Rn labeled
y �-, 1 drawn i.i.d. from a probabilitydistribution P � x� y� . Sup-
port vectormachinesmapeachexamplex � Rn into a higherdi-
mensionalspace,possiblyinfinite, andconstructa separatinghy-
perplanein thatspace,theseparatinghyperplaneactsasaclassifier.
Themappingof this inputspaceRn to higherdimensionalspace.
is representedby x / 0213� x � , wheredifferentmappingsleadto dif-
ferentSVM classifiers.Oneof the principle advantagesof SVM
is that even thoughthe learningis donein the higherorderspace
individualexamplesneednotbetransformedinto this higherorder
space,andonly a kernelfunction K � x � z� needsto bedefined.The
kernelfunctionessentiallycomputesthesimilarity betweenx andz
in higherorderspace.For examplea linearkernelfunctionK � x� z�
is definedastheinnerproductbetweentwo examplesx andz. The
classificationof an examplex involvescomputingthe distanceof
theexampleto thehyperplanein . andassigningit theclasslabel
dependingon which sideof thehyperplanetheexamplelies. The
classificationfunctionis representedas,

f � x � �5476�13� x �8� b �
i

9
i yi K � xi � x �8� b� (5)

where,4 is thevectordefiningthehyperplanein thehigherdimen-
sionalspace. , 9 i aretheweightsassignedto theinputexamplexi
thathasa classlabelof yi . Thelearningprocessinvolveslearning
thevaluesfor 9 i andb. Theexamplesthathave a non-zerovalue
for 9 arecalledsupportvectorsof thatmodel.

SinceSVM allows us to operatein higherdimensionalspaces
oneof the first questionsto ask is, if it is possibleto constructa
kernelfunctionthatoperatesin aspacerepresentedby theconjuncts
of all theattributes.Theanswerto thatquestionis yes,polynomial
kernelrepresentedas

K � x� z� �:��; x 6 z '<� c� d
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operatesin afeaturespaceconsistingof all possibleconjunctsstart-
ing from= order1 all theway to orderd.

Thus,it would appearthatexhaustively generatingfeaturesout-
sidetheclassifieris awastedeffort andthesamerepresentationcan
beachieved,potentiallyin anefficient way, by usinga polynomial
kernelof suitabledegree.However, thekey differencebetweenthe
useof higher-orderpolynomialkernelfunctionsandour approach
is thatin additionto findingall frequentitemsetswealsoperforma
featureselectionstepthateliminatesmostof thenondiscriminatory
conjuncts.Therefore,thefeaturespacein whichourclassifieroper-
ates,referredas > , is a subset(andgenerallysubstantiallysmaller)
thanthefeaturespace. of thepolynomialkernel. In light of that,
thesecondquestionto askis whetheror not thereis anadvantage
in learninga modelin > asopposedto learninga modelin . . The
answerto this questionis yes,andthe reasonis that even though
a modellearntin > , asmeasuredby thevalueof theclassification
function f � x � for eachexamplex in thetrainingset,canpotentially
belearntin . , thegeneralizationerrorof > ’smodelwill tendto be
lower comparedto a modeldirectly learnt in . . Thesefactsare
discussedin therestof this section.

5.1 Theequivalenceof modelslearnt in higher
order space. and lower order space>

We first show that the model learnt in the featurespace> is
equivalentto themodellearntin higherorderspace. . Two mod-
elsaresaidto beequivalentif they leadto identicalclassifications
usingleave oneoutestimationscheme,i.e., theoutputfor theclas-
sificationfunctiondefinedin Equation5 is identicalin bothfeature
space> and . . This would imply that the leave oneout perfor-
manceof theclassifieris unaffectedby operatingin lower dimen-
sionalspace> .

Let X ?3�A@ x ? 1 � x ? 2 ��	�	�	�� x ? l B bethedatasetin space> , andlet
X CD�E@ x C 1 � x C 2 ��	�	�	�� x C l B bethedatasetin space. . Sincethe
space> is asubspaceof . , we have

X C � X ?
X F �

whereX F correspondsto the conjunctive featuresof all the ex-
amplesthatarepruned.Sincewe arelearninga linearmodel,the
kernel function K � x� z� is equalto the inner product, ; x 6 z ' ,
thereforetheclassificationfunctiongivenin Equation5 canberep-
resentedin matrixnotationfor anexamplexi asfollows,

f � xi � � D ? xT
i X ? � b?8� (6)

whereD ? is equalto @ 9 ? 1 � 9 ? 2 	�	�	 9 ? l B 6�@ y1 � y2 	�	�	 yl B T andcor-
respondsto themodellearntin featurespace> . Equation6 canbe
representedin matrix notationfor all the examplesin the dataset
X ? asfollows(assumingleaveoneoutestimation):

f � X ? � � D ? XT? X ? � b ? 	 (7)

Similarly for higherdimensionalspace. the classificationfunc-
tion canberepresentedas,

f � X C � � D C XTC X C � b C � (8)

whereD C is themodellearntin thespace. . Notethatthesizeof
vectors f � X ? � and f � X C � is thesameandis equalto thenumber
of examplesl . Thereforeif the two modelsare to be equivalent
(in termsof classificationdecisions),then f � X C � � f � X ? � , and

usingEquation7 andEquation8 it shouldbethat

D C XTC X C � b C � D ? XT? X ? � b ?
D C � D ? XT? X ?G� XTC X C �%H 1

� � b ? $ b C � � XTC X C � H 1 	
Thus,wecanobtainD C , i.e., theweightvector @ 9 C 1 � 9 C 2 	�	�	 9 C l B
makingup themodel,from themodelin featurespace> provided
that the initial examplesarelinear independent(i.e., � XTC X C � H 1

exists).

5.2 Advantage of operating in lower dimen-
sional space>

Eventhoughthehypothesislearntin thelowerdimensionalspace
canbelearntin thehigherdimensionalspace,thereis still merit in
carryingout featurereductionbecauseof thefollowing reason.

It hasbeenshown that the boundsfor error, EPerr , in Support
Vectormachinesis givenby [21]

EPerr I 1

l
E

R2

M2
� (9)

wherel is thenumberof examplesin thetrainingset,E is theerror
of theclassifierin thetrainingset,R is theradiusof thespherecon-
tainingall thetransformedexamples,andM is themaximalmargin
of separation.Notethatboth R andM arecomputedon thetrans-
formedspace. , for example,in caseof a polynomialkernelthey
will be calculatedin the expandedfeaturespace.The key aspect
of Equation9 is thatbesidestheobviousparametersof thetraining
set sizeand the error on the training set, the generalizationabil-
ity of the modeldependson the ratio R2 J M2. By operatingin a
higher-dimensionalspace,it is possibleto learna modelthathasa
largermargin thana modellearntin a lower dimensionalspace—
leadingto a smallerR2 J M2 ratio andthusbettererrorbounds.On
the other hand,as the dimensionalityof the spaceincreases,the
radiusenclosingthe instanceswill alsoincrease,makingtheerror
boundsworse.Therefore,choosingthe featurespaceto operateis
a tradeoff betweenachieving themaximumseparatingM with the
smallestincreasein theradiusof thespaceR.

Now considerthemodellearntin > andthecorrespondingmodel
in . . Let R? , and M ? , RC , M C , be the radii and margins of
the two models,respectively. Since the dimensionalityof . is
much larger than that of > , RC will be much larger than R? —
suggestingthat > ’smodelwill havea lowererrorbound.Of course
this can only happenif the relative reductionin the two radii is
muchgreaterthantherelativereductionof thecorrespondingmax-
imal margins. However, if the featureselectionstepensuresthat
only non-discriminative featuresareeliminatedthenthe maximal
margin M ? will besimilar to M C . Consequently, theratio R2? J M2?
will besmallerthanR2C J M2C , leadingto a modelin > with lower
errorbounds.Experimentspresentedin Section6 validatethis ob-
servation.

6. EXPERIMENT AL EVALUATION
We experimentallyevaluatedthe performanceof the different

compositefeatureselectiontechniqueson two classesof datasets.
The first classcontainsdatasetsthat weregeneratedsynthetically,
whereasthe secondtype containsdatasetsobtainedfrom the UCI
datasetrepository[13].

Overall, we evaluatedfour differentclassificationschemesthat
usedifferent techniquesfor selectingcompositefeatures. These
schemesare:
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ND-NS This methodusesall the compositefeaturesthat satisfy
theminimumsupportconstraint,thatis, it doesnoteliminate
redudantcompositefeaturesandit doesnotperformany dis-
criminatoryfeatureselection.

IC-NS This methodeliminatesthe compositefeaturesthat all of
its subsetshave identical classdistribution, but it doesnot
performany discriminatoryfeatureselection.

IC-Co This methodis similar to IC-NS but alsoeliminatescom-
positefeaturesthat have a betterconfidencethan all of its
parentcompositefeatures.

IC-JM Thismethodis similar to IC-Co but insteadof confidence,
it usesthe j-measure to determinethediscriminatingability
of a compositefeature.

We performedall theexperimentsusinga 10 way crossvalida-
tion schemeandcomputedaverageaccuracy acrossdifferentruns.
We usedtheSVM implementationprovidedby theSVMLight [8]
package.Our experiments(not reportedhere)showed that when
usinga linearkernelfunctionwe tendto obtainbetterresultswhen
theexampleswerenormalizedto correspondto aunit lengthvector.
However, whenthepolynomialkernelfunctionwasused,keeping
the objectsunnormalizedresultedin betterperformance.For this
reason,in all of ourexperiments,weusetheunit-lengthnormaliza-
tion for linearkernelfunctions,andleavetheobjectsun-normalized
for polynomialkernelfunctions.

6.1 Evaluation on SyntheticDatasets
To experimentallyvalidatethe analysispresentedin Section5,

we createda seriesof syntheticdatasets,designedsothatcompos-
ite featuresareessentialfor theproperclassification.Thisallow us
toevaluatetheimpactof usingall compositefeaturesor thefeatures
selectedusingthevariouscompositefeatureselectionschemespre-
sentedin this paper.

6.1.1 SyntheticDatasetCharacteristics
To keepour analysissimple,the syntheticdatasetcontainsjust

two classes.Theattributesmakingup thedatasetareof two kinds,
relevantand irrelevant. The relevantattributesinfluencetheclass
label, whereasirrelevant do not, andcanbe thoughtof as noise.
For ourexperimentswerestrictedthenumberof relevantattributes
to threeand varied the numberof irrelevant attributes. The car-
dinality (numberof attribute-values)of the relevantandirrelevant
attributesis thesame,equalto four andeachof theattribute-value
is equallylikely, i.e., uniformdistributionof attribute-valuesfor all
theattributes.

The classificationfunction,which determinesthe classlabel of
anexample,wasconstructedsothattheclasslabeldependsonly on
theconjunctsof therelevantattribute-values.Sincetherearethree
relevantattributeseachwith four possibleattribute-values,we can
have64possibleconjuncts.These64conjunctsareequallydivided
into two setswith eachset correspondingto one particularclass
label.Henceboththeclassesareequallylikely andaredetermined
by thesetin which theconjunctof therelevantattributesbelongs.
Furthermore,wehavetakencaretoensurethattheclassdistribution
with respectto singlerelevantattribute-valueis uniform. In other
wordstheconditionalprobabilityof classlabelgiven thevalueof
singlerelevantattributeis 0	 5, whereastheconditionalprobability
of a classlabelgivenall threerelevantattribute-valuesis 1	 0.

Thenumberof non-relevantattributescontrolthedimensionality
of theproblem.To make thedatasetrealisticwe alsoaddedsome
noiseto the classificationfunction. The amountof noiseis con-
trolled by a parametercalledR value, R refersto therandomness.

While assigningtheclasslabel to anexamplefor mostof thetime
we usetheclassificationfunction,however oncein a while we in-
vert theresultof theclassificationfunction. Specifically, if we set
the R value to be 0	 95, thenfor 95% of timeswe will assignthe
classlabelaccordingto theclassificationfunctionand5% of times
we will invert theclasslabel.

This framework allow us to generatedifferentdatasetsby vary-
ing the numberof irrelevant attributesand the R value. For our
experimentswe generated24 datasets,by using � 0, 5, 10, 15, 20,
25
 as the possiblevaluesfor the numberof irrelevant attributes,
and � 1.0, 0.9, 0.8, 0.7
 asthe possiblevaluesfor R. For eachof
theseparamatercombinationswe generateda datasetcontaining
5000examples.

6.1.2 EvaluatingPerformanceonSyntheticDatasets
Usingthe24datasetsdescribedin theprevioussection,weeval-

uatedtheclassificationperformanceof fivedifferentschemes.Four
of theseschemesusethelinearSVM kernelfunctionon thefeature
spacesproducedby the four compositefeatureselectionschemes
(ND-NS,IC-NC, IC-CO, IC-JM), andoneschemecorrespondsto
a third-orderpolynomialSVM kerneloperatingin theoriginal fea-
ture space.Note that the orderof the polynomialkernelwasse-
lectedso that to matchthe numberof compositefeaturesthat are
requiredto properlyclassifythesedatasets.For all thecomposite-
featurebasedclassificationschemesthemaximumsizeof thecom-
positefeatureis restrictedto 3 andthesupportthresholdfor FIDA
is setto 1%. Sincethesizeof eachdatasetis 5000,andeachclass-
definingcompositefeatureoccurson the average5000J 43 K 78
times,a 1% supportensuresthatalmostall class-definingcompos-
ite featuresarebeingdiscovered.

Theaccuracy of a classifieron thetestsetdependson two main
factors:first, thequality of themodeli.e., theability of themodel
to capturethehypothesisin thetrainingset.Second,thegeneraliz-
ability of themodelonthetestset(unseenexamples).In anattempt
to decouplethesetwo effects,our evaluationwill be donein two
steps. First, we will comparethe variousmodelson how effec-
tive they arein classifyingthetraining set.Theresultingaccuracy,
sometimescalledtheretrainedaccuracy [14] of themodel,canbe
usedto evaluatetheextentto whichaclassifyis ableto learnarea-
sonablygoodmodelfor thetrainingset.Second,we will compare
how well thesemodelsgeneralizeto unseencases,by computing
theaccuracy they obtainon thetestset.

6.1.2.1 TrainingSetPerformance.
Table1 displaysthe accuarcy of the differentclassifierson the

trainingset. Theaccuraciesof SVM with polynomialkernelPoly,
andthe two compositefeatureselectionschemesND-NSand IC-
NC, arewithin 1%of eachother. However, theaccuracy for IC-CO
and IC-JM are in generalbetter(and in somecasesby a signifi-
cantamount)thantheaccuraciesof theotherschemes.This result
may be surprisingat first, becausethe featurespacethat IC-CO
and IC-JM operateis in generala subsetof the featurespacesof
the otherschemes,andasthe analysisin Section5.1 showed, the
modellearntin thespacewith fewer featurescanalsobe learntin
a supersetfeaturespace.However, theSVM formulationthatwas
usedto learnthesemodelsemployssoftmargins,whichtrademiss-
classificationcostfor a largermargin. As aresult,it is possiblethat
thedifferentmodelsareoptimizedatdifferentaccuracies,sincethe
spacesthat they operatearedifferent.Also notethat for someval-
uesof R, asthenumberof irrelevantfeaturesincreasestheaccuracy
initially decreases,but aftersomepoint it actuallygetsbetter. This
is becauseasmorefeaturesbecomeavailable,SVM is ableto find
a bettermodel,usingsuchirrelevant features.However, that also

361



representsthe point at which SVM is overfitting the dataset,and
theseL trainingsetimprovementsdonot leadto improvementsin the
testset.

Table1: Accuracy on the training set.
# irr. R= 1.0
Attr. Poly. ND-NS IC-NC IC-CO IC-JM
0 100.00 100.00 100.00 100.00 100.00
5 96.01 99.02 99.02 99.98 100.00
10 86.04 89.23 89.23 92.58 97.79
15 88.74 90.77 90.77 93.80 96.21
20 92.52 93.90 93.90 96.44 97.95
25 94.93 95.92 95.92 98.14 99.06
# irr. R= 0.9
Attr. Poly. ND-NS IC-NC IC-CO IC-JM
0 89.82 89.82 89.82 89.82 89.82
5 85.90 88.91 88.91 90.57 90.32
10 83.68 86.45 86.45 89.36 92.63
15 87.60 89.75 89.75 92.60 94.35
20 92.14 93.51 93.51 96.21 97.45
25 94.02 95.06 95.06 97.83 98.95
# irr. R= 0.8
Attr. Poly. ND-NS IC-NC IC-CO IC-JM
0 79.58 79.58 79.58 79.58 79.58
5 77.69 80.29 80.29 82.08 80.89
10 81.66 84.29 84.29 86.62 88.29
15 86.83 88.90 88.90 91.70 93.06
20 91.19 92.62 92.62 95.65 96.96
25 94.34 95.44 95.44 97.99 98.92
# irr. R= 0.7
Attr. Poly. ND-NS IC-NC IC-CO IC-JM
0 69.80 69.78 69.78 69.78 69.78
5 73.03 75.17 75.17 76.26 76.36
10 80.61 83.23 83.23 85.46 85.88
15 86.73 88.69 88.69 91.35 92.30
20 90.82 92.27 92.27 95.47 96.52
25 94.15 95.18 95.18 97.79 98.76

6.1.2.2 TestSetPerformance.
Table2 shows theaccuracy of thevariousclassifierson the test

set.
Looking at theseresultswe canseethatSVM with polynomial

kernel(Poly.) startsoff with anaccuracy of 100%for R � 1	 0 and
0 irrelevantattributes,but theaccuracy dropssharplyto 59%with
5 irrelevantattributes,andtheaccuracy furtherdropsto 50%when
thenumberof irrelevantattributesis increasedto 10. On theother
handcompositefeaturesbasedschemes,especiallyIC-CO, show
considerableresilienceagainstthenumberof irrelevantattributes,
with theaccuracy of IC-COdegradingto only 80%whenthenum-
berof irrelevantattributesis increasedto 25. Similarly, composite
featuresbasedschemesarealsomoreresilientto noisethanSVM
with the polynomialkernel. Next, even the mostprimitive of the
compositefeatureselectionbasedschemeND-NS that only uses
supportthresholdfor featureselection,also consistentlyoutper-
forms the SVM classifierwith polynomialkernel for all possible
settings;further validatingthe importanceof featureselectionfor
improving theaccuracy of theclassifier. Amongthetwo featurese-
lectionschemesIC-CO & IC-JM, IC-CO consistency outperforms
the IC-JM. IC-CO alsoshows remarkableresilienceto thenumber
of irrelevantattributes.Thereasonthat IC-CO outperformsIC-JM
is becausethe featureselectionstrategy basedon j-measure is ex-
tremelyaggressiveandresultsin thepruningof usefulfeatures.

6.1.2.3 Generalizability Comparison.
To comparethe generalizabilityof the compositefeaturebased

schemesover that of the SVM classifierusing polynomial ker-
nel(Poly) we computetheratio of accuracy of a compositefeature
basedschemeandthePoly scheme.Wedothisfor eachof thecom-

Table2: Accuracy on syntheticdatasets.
# irr. R= 1.0
Attr. Poly. ND-NS IC-NC IC-CO IC-JM
0 100.00 100.00 100.00 100.00 100.00
5 79.100 96.00 95.70 100.00 100.00
10 51.080 61.00 61.34 100.00 81.04
15 51.400 55.00 55.26 100.00 61.92
20 50.700 53.00 53.28 94.22 58.10
25 50.120 50.00 50.16 80.90 51.98
# irr. R= 0.9
Attr. Poly. ND-NS IC-NC IC-CO IC-JM
0 89.82 90.00 89.82 89.82 89.82
5 65.94 79.00 79.24 90.32 90.32
10 52.44 58.00 57.90 90.78 70.82
15 50.82 51.00 52.54 88.88 56.22
20 50.80 54.00 53.04 72.26 56.04
25 50.80 51.00 50.50 65.94 52.58
# irr. R= 0.8
Attr. Poly. ND-NS IC-NC IC-CO IC-JM
0 79.58 79.54 79.58 79.58 79.58
5 55.70 65.00 65.44 79.76 78.84
10 50.82 55.00 54.38 80.70 60.54
15 49.62 50.00 51.20 67.94 51.72
20 50.62 53.00 52.76 60.74 53.84
25 50.78 49.00 48.70 58.24 50.30
# irr. R= 0.7
Attr. Poly. ND-NS IC-NC IC-CO IC-JM
0 69.52 68.00 69.58 67.22 69.50
5 53.68 58.00 57.16 65.06 61.92
10 50.56 52.00 51.90 62.02 54.84
15 50.34 50.00 50.42 56.08 51.66
20 50.84 52.00 51.60 53.82 52.34
25 50.70 49.00 48.56 52.54 49.98

positefeaturebasedschemes,on all 24 datasets,andfor both the
accuracy onthetraining-aswell astest-set.Theratioof trainingset
accuraciesgive ustheimprovementin thequality of themodelfor
a compositefeaturebasedschemeversusthePoly scheme;this ra-
tio is referredastrain ratio. Theratio of testsetaccuraciesreflects
theimprovementin boththequality aswell thegeneralizabilityof
themodel;it is referredasthe testratio. Finally, we take theratio
of the testratio andthe train ratio, this ratio is calledthegeneral-
izability improvement. If this ratio is greaterthat1 thenit indicates
that the generalizabilityof the compositefeatureschemeis better
thanthegeneralizabilityof thePoly scheme.

Table3 displaysthegeneralizability improvementfor four com-
positefeaturebasedschemesonall thedifferentdatasets.For most
all thedatasetthegeneralizabilityimprovementhasavaluegreater
than1 or very closeto 1; this implies that featureselectiondoes
lead to bettergeneralizability. Of the four schemeswe find that
the greatestgeneralizabilityimprovementis seenfor the IC-CO
scheme,with thegeneralizabilityimprovementvalueashigh1.841,
indicatingan improvementof about84%. We alsonoticethat the
value of generalizabilityimprovementvarieswith the numberof
irrelevantattributesandpeaksat oneparticularvalue,andthende-
creasingasthenumberof irrelevantattributesareincreased.This
indicatesthegeneralizabilityof thecompositefeaturebasedschemes
is alsoaffectedasthe numberof irrelevant attributesis increased
andtheschemeperformsoptimalyfor onevalueor numberirrele-
vantattributes.

6.2 Evaluation on RealDatasets
Our overall methodologyfor building classifiersusingcompos-

ite features,andthevariouspruningschemes,werealsoevaluated
usinga setof problemsfrom theUCI datasetcollection[13]. This
particularsetof problemswasselectedbecausethey havebeenused
in many previous classificationalgorithm studies[11, 10], even
thoughthey may not be well-suitedfor the classificationmodels
thatcanbelearntby our algorithm. Thedatasetcharacterisiticsof
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Table4: Overall comparisonof accuracy.
Dataset DatasetCharacteristics CBA CMAR C4.5 SVM

# Attr. # Cl. # Ex. Direct ND-NS IC-NS IC-CO IC-JM
anneal 38 6 898 97.90 97.30 94.76 98.33 98.44 97.89 98.33 99.00
austra 14 2 690 84.90 86.10 85.22 85.80 86.38 86.96 86.09 85.80
breast 10 2 699 96.30 96.40 95.42 97.14 97.00 96.86 96.71 97.29
cleve 13 2 303 82.80 82.20 80.17 84.11 84.44 83.47 83.46 83.45
crx 15 2 690 84.70 84.90 84.93 86.09 86.67 86.52 86.09 84.50
diabetes 8 2 768 74.50 75.80 76.18 77.35 78.14 78.53 78.53 77.88
german 20 2 1000 73.40 74.90 72.70 75.70 71.90 72.30 72.60 74.30
glass 9 7 214 73.90 70.10 65.97 75.33 78.61 78.12 75.28 73.46
heart 13 2 270 81.90 82.20 80.00 82.96 85.56 85.56 84.82 82.96
hepati 19 2 155 81.80 80.50 83.25 84.38 79.29 81.21 81.21 85.79
horse 22 2 368 82.10 82.60 82.92 85.61 82.61 84.79 83.43 82.32
iris 4 3 150 94.70 94.00 95.33 93.33 94.00 94.00 94.00 93.33
labor 1 2 57 86.30 89.70 79.00 89.33 77.33 94.67 94.67 94.67
led7 7 10 3200 71.90 72.50 72.88 72.41 71.25 72.19 73.03 72.78
lymph 18 4 148 77.80 83.10 79.72 84.38 81.05 80.33 81.67 80.38
pima 8 2 768 72.90 75.10 74.22 77.34 78.78 79.04 78.52 78.52
tic-tac 9 2 958 99.60 99.20 98.64 95.41 98.54 98.54 96.97 97.70
wine 13 3 178 95.00 95.00 92.75 99.44 98.86 98.30 99.44 98.86
zoo 16 7 101 96.80 97.10 92.09 96.00 97.00 92.09 96.00 96.00
Average 83.90 84.38 82.95 85.61 85.57 85.68 85.67 85.58

Table 3: Ratio of the impr ovementof compositefeature based
schemeversusPoly schemeon test setand the training set.

# irr. R= 1.0
Attr. ND-NS IC-NC IC-CO IC-JM
0 1.00 1.00 1.00 1.00
5 1.17 1.17 1.21 1.21
10 1.15 1.15 1.81 1.39
15 1.04 1.05 1.84 1.11
20 1.03 1.03 1.78 1.08
25 0.98 0.99 1.56 0.99
# irr. R= 0.9
Attr. ND-NS IC-NC IC-CO IC-JM
0 1.00 1.00 1.00 1.00
5 1.15 1.16 1.29 1.30
10 1.07 1.06 1.62 1.22
15 0.97 1.00 1.65 1.02
20 1.04 1.02 1.36 1.04
25 0.99 0.98 1.24 0.98
# irr. R= 0.8
Attr. ND-NS IC-NC IC-CO IC-JM
0 0.99 1.00 1.00 1.00
5 1.12 1.13 1.35 1.36
10 1.04 1.03 1.49 1.10
15 0.98 1.00 1.29 0.97
20 1.03 1.02 1.14 1.00
25 0.95 0.94 1.10 0.94
# irr. R= 0.7
Attr. ND-NS IC-NC IC-CO IC-JM
0 0.97 1.00 0.96 1.00
5 1.05 1.03 1.16 1.10
10 0.99 0.99 1.15 1.01
15 0.97 0.97 1.05 0.96
20 1.00 0.99 1.00 0.96
25 0.95 0.94 0.99 0.94

theseproblemsaredisplayedin first threecolumnsin Table4.
In this setof experiments,besidesthe four algorithmsbasedon

compositefeatures,we alsousedfour additionalclassifiers.These
wereC4.5[16], CBA [11], CMAR [10], andSVM operatingsolely
on theoriginal featuresof eachdataset(afterbeingdescritizedus-
ing the methoddescribedin Section4.3). To differentiatethis
SVM-basedclassifierfrom the onesusingcompositefeatures,we
will referto it asdirectSVM. TheCBA andCMAR classifiersare
two other schemesbasedon compositefeaturesthat were previ-
ously developedandwerebriefly describedin Section2. For the
compositefeaturebasedclassifierswe useda supportthresholdof
1	 0%for all thedatasets,excepthepati, horsewhereweused
a supportthresholdof 2	 0% andfor lymph and zoo wherewe

usedthesupportthresholdof 5	 0%. This wasdoneto ensurethat
the compositefeaturesgeneratedarestatisticallysignificant. For
SVM classificationwe usedradialbasisfunctionkernel.

Table 4 displaysthe accuracy valuesobtainedby the different
classificationalgorithmsfor eachdataset.Thelastrow in this table
labeled“Average”shows the accuracy achieved by eachclassifier
averagedover thedifferentdatasets.Fromtheseresultswe cansee
thattheSVM-basedschemes(with andwithoutcompositefeatures)
achieve higheraccuraciesthanthatobtainedby eitherC4.5,CBA,
or CMAR. However, betweenthe different SVM-basedschemes
wecanseethatontheaverage,thereis little differencebetweenthe
schemesthat usecompositefeaturesanddirect SVM, suggesting
thatcompositefeaturesarenotbeneficialfor thesedatasets.

7. CONCLUSION
In this paperwe presenteda numberof classificationalgorithms

that usefrequentitemsetsto expandthe featurespaceandevalu-
ateda variety of schemesfor selectingdiscriminatingcomposite
features.Ourexperimentalresultsshow thattheproposedschemes
can substantiallyreducethe numberof compositefeaturesused,
which improves the classificationaccuracy. Moreover, we have
both analyticallyandexperimentallyshown that the prunedcom-
positefeaturespacereducesthe generalizationerror obtainedby
supportvectormachines,leadingto betterclassifiers.
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