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ABSTRACT
In this paperwe presenta family of multi-objective hypergraph
partitioningalgorithmsbasedon the multilevel paradigm,which
arecapableof producingsolutionsin which both the cut andthe
maximumsubdomaindegreearesimultaneouslyminimized.This
type of partitioningsarecritical for existing andemerging appli-
cationsin VLSI CAD asthey allow to bothminimizeandevenly
distribute the interconnectsacrossthe physical devices. Our ex-
perimentalevaluationon the ISPD98benchmarkshow that our
algorithmsproducesolutionsthat when comparedagainst those
producedby hMETIS have a maximumsubdomaindegreethat is
reducedby upto 35%while achieving comparablequalityin terms
of cut.

Categoriesand SubjectDescriptors
B.7.2[Integrated Cir cuits]: DesignAids

GeneralTerms
Algorithms,Experimentation

Keywords
Partitioning, Maximum SubdomainDegree,Placement,Conges-
tion

1. INTRODUCTION
Hypergraphpartitioning is an importantproblemwith extensive
applicationsto many areas,including VLSI design[5], ef�cient
storageof largedatabasesondisks[23], informationretrieval [28],
anddatamining [9, 15]. The problemis to partition the vertices
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of a hypergraphinto � equal-sizesubdomains,suchthat thenum-
berof thehyperedgesconnectingverticesin differentsubdomains
(calledthecut) is minimized.

Theimportanceof theproblemhasattractedaconsiderableamount
of researchinterestandoverthelastthirty yearsavarietyof heuris-
tic algorithmshavebeendevelopedthatoffer differentcost-quality
trade-offs. Thesurvey by Alpert andKahng[5] providesadetailed
descriptionandcomparisonof varioussuchschemes.Recentlya
new classof hypergraphpartitioningalgorithmshasbeendevel-
oped[8, 11,2, 14,4], thatarebaseduponthemultilevel paradigm.
In thesealgorithms,a sequenceof successively smaller hyper-
graphsis constructed.A partitioningof the smallesthypergraph
is computed. This partitioning is then successively projectedto
the next level �ner hypergraph,andat eachlevel an iterative re-
�nement algorithm(e.g., KL [18] or FM [10]) is usedto further
improve its quality. Experimentspresentedin [2, 14, 4, 26, 3, 6,
17] haveshown thatmultilevel hypergraphpartitioningalgorithms
canproducesubstantiallybettersolutionsthanthoseproducedby
non-multilevel schemes.

However, despitethe successof multilevel algorithmsin produc-
ing partitioningsin which thecut is minimized,thiscut is notuni-
formly distributedacrossthe differentsubdomains.That is, the
numberof hyperedgesthat are being cut by a particularsubdo-
main(referredto asthesubdomaindegree) is signi�cantly higher
thanthatcut by othersubdomains.This illustratedin Table1 that
showstheratiosof themaximumsubdomaindegreeover theaver-
agesubdomaindegreeof various � -waypartitioningsobtainedfor
the ISPD98benchmark[3] usingthe state-of-the-arthMETIS [16]
multilevel hypergraphpartitioningalgorithm. In many cases,the
resultingpartitioningscontainsubdomainswhosedegreeis up to
two timeshigherthantheaveragedegreeof theremainingsubdo-
mains.

For many existing andemerging applicationsin VLSI CAD, pro-
ducingpartitioningsolutionsthat both minimize the cut andalso
minimizethemaximumsubdomaindegreeis of greatimportance.
For example,in order to reducethe congestionand increasethe
resourceutilization, EDA tools for existing FPGA devices and
emerging deepsub-micronarchitecturesneedto both minimize
thenumberof interconnects(which is achievedby minimizing the
cut)andalsoevenlydistributetheseinterconnectsacrossthephys-
ical device to eliminatehigh densityinterconnectregions(which
is achievedby minimizing themaximumsubdomaindegree).



4-way 8-way 16-way 32-way 64-way
ibm01 1.27 1.55 1.60 1.70 1.76
ibm02 1.35 1.35 1.43 1.51 1.55
ibm03 1.18 1.43 1.68 1.70 1.84
ibm04 1.28 1.35 1.41 1.72 2.39
ibm05 1.16 1.17 1.24 1.33 1.41
ibm06 1.22 1.46 1.46 1.50 1.63
ibm07 1.29 1.46 1.79 1.94 2.04
ibm08 1.06 1.22 1.45 1.73 2.12
ibm09 1.09 1.23 1.65 1.91 2.31
ibm10 1.23 1.43 1.69 1.78 1.85
ibm11 1.21 1.55 1.54 1.66 2.02
ibm12 1.26 1.47 1.72 2.10 2.15
ibm13 1.31 1.81 1.66 1.91 1.85
ibm14 1.20 1.47 1.46 1.63 1.96
ibm15 1.28 1.51 1.71 1.87 2.09
ibm16 1.22 1.39 1.45 1.70 1.84
ibm17 1.18 1.42 1.52 1.80 2.13
ibm18 1.16 1.61 2.33 2.65 2.78

Table 1: The ratios of the maximum subdomain degreeover
the average subdomain degree of various solutions for the
ISPD98benchmark.

In this paperwe presenta family of hypergraphpartitioningalgo-
rithms basedon the multilevel paradigmthat arecapableof pro-
ducingsolutionsin which both the cut andthe maximumsubdo-
main degreearesimultaneouslyminimized. Our algorithmstreat
the minimizationof the maximumsubdomaindegreeasa multi-
objective optimizationproblemthat is solvedoncea high-quality,
cutbased,� -waypartitioninghasbeenobtained.Towardthisgoal,
we presenthighly effective multi-objective re�nementalgorithms
thatarecapableto producesolutionsthatexplicitly minimize the
maximumsubdomaindegreeandensurethat thecut doesnot sig-
ni�cantly increase.

This approachhas a numberof inherentadvantages. First, by
building uponacut-based� -waypartitioning,it leveragesthehuge
body of existing researchon this topic, and it can bene�t from
future improvements.Second,becausethe initial � -way solution
is of extremely high-quality, it allows the algorithmto focuson
minimizing themaximumsubdomaindegreewithoutbeingoverly
concernedaboutthe cut of the �nal solution. Finally, it provides
auser-adjustableandpredictableframework in which theusercan
specifyhow much(if any) deteriorationonthecutheor sheis will-
ing to toleratein orderto reducethemaximumsubdomaindegree.

We experimentallyevaluatedtheperformanceof thesealgorithms
on theISPD98[3] benchmarkandcomparedthemagainsttheso-
lutionsproducedby hMETIS [16]. Our experimentalresultsshow
thatouralgorithmsarecapableof producingsolutionswhosemax-
imum subdomaindegreeis lower by 5% to 35%while producing
comparablesolutionsin termsof cut. Moreover, the computa-
tional complexity of thesealgorithmsis relatively low, requiring
on theaveragenomorethantwice theamountof time requiredby
hMETIS.

The restof the paperis organizedasfollows. Section2 provides
somede�nitions anddescribesthenotationthatis usedthroughout
the paper. Section3 describesthe variousaspectsof our algo-
rithms. Section4 experimentallyevaluatesthesealgorithmsand
comparesthemagainsthMETIS. Finally, Section5 providessome
concludingremarksandoutlinesdirectionsof futureresearch.

2. DEFINITIONS AND NOTATION
A hypergraph �����
	���
�� is a set of vertices 	 and a set of
hyperedges
 . Eachhyperedgeis asubsetof thesetof vertices	 .
Thesizeof a hyperedgeis thecardinalityof this subset.A vertex

� is saidto be incidenton a hyperedge� , if ���

� . Eachvertex
� andhyperedge� hasa weightassociatedwith themandthey are
denotedby ���

�

� and ������� , respectively.

A decompositionof 	 into � disjointsubsets	�����	������ ���!�"	$# , such
that %'&(	

&

�)	 is calleda � -waypartitioning of 	 . We will use
the termssubdomainor partition to refer to eachoneof these�

sets. A � -way partitioningof 	 is denotedby a vector * such
that *,+ -/. indicatesthe partition numberthat vertex - belongsto.
We saythat a � -way partitioningof 	 satis�esa balancingcon-
straint speci�edby + 01��23. , where 05462 , if for eachsubdomain	

& ,
087:9<;>=@?�AB���

�

�,7)2 . The cut of a � -way partitioningof 	 is
equalto thesumof theweightsof thehyperedgesthatcontainver-
ticesfrom differentsubdomains.The subdomaindegreeof 	

& is
equalto thesumof theweightsof thehyperedgesthat containat
leastonevertex in 	

& andonevertex in 	DC'	

& . Themaximumsub-
domaindegreeof a � -way partitioning is the highestsubdomain
degreeover all � partitions. Thesum-of-external-degrees(abbre-
viatedasSOED)of a � -waypartitioningis equalto thesumof the
subdomaindegreesof all thepartitions.

Givena � -way partitioningof 	 anda vertex �E�

	 thatbelongs
to partition 	

& , its internal degreedenotedby ID &

�

�

� is equalto
thesumof theweightsof its incidenthyperedgesthatcontainonly
verticesfrom 	

& , andits external degreewith respectto partition
	BF denotedby EDFG�

�

� is equalto thesumof theweightsof its in-
cidenthyperedgeswhoseall remainingverticesbelongto partition

	
F .

The � -wayhypergraphpartitioningproblemis de�ned asfollows.
Givena hypergraph �H�I�
	��J
�� anda balancingconstraintspec-
i�ed by + 01��23. , computea � -way partitioning of 	 such that it
satis�es the balancingconstraintandminimizesthe cut. The re-
quirementthat the size of eachpartition satis�es the balancing
constraintis referredto asthepartitioning constraint, andthere-
quirementthata certainfunctionis optimizedis referredto asthe
partitioningobjective.

3. MINIMIZING THE MAXIMUM SUBDO­
MAIN DEGREE

Therearetwo differentapproachesfor computinga � -way parti-
tioning of a hypergraph. One is basedon recursive bisectioning
andtheotherondirect � -waypartitioning[13]. In recursivebisec-
tioning, the overall partitioning is obtainedby initially bisecting
the hypergraphto obtaina two-way partitioning. Then,eachof
thesepartsis furtherbisectedto obtainafour-waypartitioning,and
soon. Assumingthat � is apowerof two, thenthe�nal � -waypar-
titioning canbeobtainedin KMLGN����B� suchsteps(or afterperforming

��CPO bisections).In this approach,eachpartitioningstepusually
takes into accountinformation from only two partitions,and as
suchit doesnot have suf�cient informationto explicitly minimize
themaximumsubdomaindegreeof theresulting � -way partition-
ing. In principle,additionalinformationcanbepropagateddown
ateachbisectionlevel toaccountfor thedegreesof thevarioussub-
domains.For example,duringeachbisectionstep,the changein
thedegreesof theadjacentsubdomainscanbetakeninto account



(eitherexplicitly or via variationsof terminal-propagation-based
techniques[12]) to favor solutionsthat in additionto minimizing
thecutalsoreducethesesubdomaindegrees.However, thelimita-
tion of suchapproachesis that they end-upover-constraining the
problembecausenot only they try to reducethe maximumsub-
domaindegreeof the�nal � -way partitioning,but they alsotry to
reducethemaximumdegreeof theintermediatelower- � partition-
ing solutions.

For this reason,approachesbasedondirect � -waypartitioningare
bettersuitedfor theproblemof minimizing themaximumsubdo-
maindegree,asthey provideaconcurrentview of theentire � -way
partitioningsolution. The ability of direct � -way partitioning to
optimizeobjective functionsthatdependon knowing how thehy-
peredgesarepartitionedacrossall � partitionshasbeenrecognized
by variousresearchers,anda numberof differentalgorithmshave
beendevelopedto minimizeobjective functionssuchasthesum-
of-external-degrees,scaledcost,absorptionetc. [21, 5, 7, 17,25]).
Moreover, direct � -waypartitioningcanpotentiallyproducemuch
bettersolutionsthana methodthatcomputesa � -way partitioning
via recursive bisection.In fact, in thecontext of a certainclasses
of graphsit wasshown thatrecursive bisectioningcanbeup to an

Q

�RKMLGNTSU� factorworsethantheoptimalsolution[24].

However, despitetheinherentadvantageof direct � -waypartition-
ing to naturally model much more complex objectives, and the
theoreticalresultswhich suggestthat it canleadto superiorpar-
titioning solutions,a numberof studieshave shown that existing
direct � -way partitioningalgorithmsfor hypergraphs,produceso-
lutionsthatarein generalinferior to thoseproducedvia recursive
bisectioning[21, 7, 17,25]. Theprimaryreasonfor thatis thefact
thatcomputationallyef�cient � -way partitioningre�nementalgo-
rithms are often trappedinto local minima, and usually require
muchmoresophisticatedandexpensiveoptimizersto climb outof
them.

To overcomethesecon�icting requirementsand characteristics,
our algorithmsfor minimizing the maximumsubdomaindegree
combinethe best featuresof the recursive bisectioningand di-
rect � -way partitioningapproaches.We achieve this by treating
the minimization of the maximumsubdomaindegreeas a post-
processingproblemto be performedoncea high-quality � -way
partitioninghasbeenobtained.Speci�cally, we useexisting state-
of-the-artmultilevel-basedtechniques[14, 16] to obtainaninitial

� -way solutionvia repeatedbisectioning,andthenre�ne this so-
lution usingvarious � -waypartitioningre�nementalgorithmsthat
(i) explicitly minimize the maximumsubdomaindegree,(ii) en-
surethat the cut doesnot signi�cantly increase,and (iii) ensure
that the balancingconstraintsof the resulting � -way partitioning
aresatis�ed.

This approachhas a numberof inherentadvantages. First, by
building uponacut-based� -waypartitioning,it leveragesthehuge
bodyof existing researchon this topic,andit canbene�t from fu-
ture improvements.Second,in termsof cut, its initial � -way so-
lution is of extremelyhigh-quality, thusallowing us to primarily
focusonminimizing themaximumsubdomaindegreewithoutbe-
ing overly concernedaboutthe cut of the �nal solution(as long
asthepartitioningis not signi�cantly perturbed).Third, it allows
for a user-adjustableandpredictableframework in which theuser
canspecifyhow much(if any) deteriorationon the cut he or she

is willing to toleratein orderto reducethe maximumsubdomain
degree.

To actuallyperformthe maximumsubdomain-degreefocused� -
way re�nementwe developedtwo classesof algorithms.Both of
themtreattheproblemasa multi-objective optimizationproblem
but they differ on the startingpoint of that re�nement. Details
on theexactmulti-objective formulationandthere�nementalgo-
rithmsareprovidedin therestof thissection.

3.1 Multi­Objecti ve Formulation
In general,the objectivesof producinga � -way partitioningthat
both minimizesthe cut andthe maximumsubdomaindegreeare
reasonablywell correlatedwith eachother, aspartitioningswith
low cutswill alsotendto have low maximumsubdomaindegrees.
However, this correlationis not perfect,andthesetwo objectives
can actuallybe at oddswith eachother. That is, a reductionin
themaximumsubdomaindegreemayonly beachieved if thecut
of thepartitioningis increased.This situationariseswith vertices
that areadjacentto verticesthat belongto morethantwo subdo-
mains.For example,considera vertex � thatbelongsto themax-
imum degreepartition 	

& and let 	�V and 	3W be two other parti-
tionssuchthat � is connectedto verticesin 	

&

�"	�V , and 	�W . Now,
if EDVX�

�

�YC ID &

�

�

�Z4\[ and EDW]�

�

�YC ID &

�

�

�D4^[ , then the
move of � to eitherpartitions 	$V or 	3W will increasethecut but if
EDVX�

�

�`_ EDW]�

�

�TC ID &

�

�

�bac[ , thenmoving � to either 	$V or
	

W will actuallydecrease	

& 's subdomaindegree. Thus,in order
to developeffective algorithmsthatexplicitly minimizethemaxi-
mumsubdomaindegreeandthecut, thesetwo objectivesneedto
be coupledtogetherinto a multi-objective framework that allows
theoptimizationalgorithmto intelligently selectthepreferredso-
lution.

Theproblemof multi-objectiveoptimizationwithin thecontext of
graphandhypergraphpartitioninghasbeenextensively studiedin
the literature[22, 1, 27, 20, 19] andtwo generalapproacheshave
beendevelopedfor combiningmultiple objectives. The �rst ap-
proachkeepsthedifferentobjectivesseparateandcouplesthemby
assigningto themdifferentpriorities. Essentiallyin this scheme,
a solutionthatoptimizesthehighestpriority objective themostis
alwayspreferredandthe lower priority objectivesareusedastie-
breakers (i.e., usedto selectamongequivalentsolutionsin terms
of thehigherpriority objectives).Thesecondapproachcreatesan
explicit multi-objectivefunctionthatnumericallycombinesthein-
dividual functions. For example,a multi-objective function can
beobtainedastheweightedsumof theindividual objective func-
tions. In this scheme,the choiceof the weight valuesis usedto
determinethe relative importanceof the variousobjectives. One
of the advantagesof suchan approachis that it tendsto produce
somewhat more naturaland predictablesolutionsas it will pre-
fer solutionsthat to certainextent,optimizeall differentobjective
functions.

In our algorithmswe usedboth of thesemethodsto combinethe
two differentobjectives. Speci�cally, our priority-basedscheme
producesa multi-objective solution in which the maximumsub-
domaindegreeis the highestpriority objective andthe cut is the
secondhighest.Thischoiceof prioritieswasmotivatedby thefact
thatwithin our framework, thesolutionis alreadyat a local min-
ima in termsof cut; thus, focusingon the maximumsubdomain
degreeis a naturalchoice. Our combiningmulti-objective func-



tion couplesthedifferentobjectivesusingthefollowing formula

Cost �<d5� MaximumDegree)_fe5� Cut�"� (1)

whereMaximumDegree is the maximumsubdomaindegree,Cut
is thehyperedgecut, and d and e aretwo user-speci�ed weights
indicating the relative importanceof theseobjectives. Selecting
the propervaluesof theseparametersis, in general,problemde-
pendent.As discussedearlier, in many casesthe maximumsub-
domaindegreecanbe only reducedby increasingthe overall cut
of the partitioning. As a result, in order for Equation1 to pro-
videmeaningfulmaximumsubdomaindegreereduction,d should
begreaterthan e . Moreover, sincethecut worseningmovesthat
leadto improvementsin themaximumsubdomaindegreearethose
in which themovedverticesareconnectedto verticesof different
partitions(i.e., cornervertices),thenthe ratio d`g�e shouldbe an
increasingfunction on thenumberof partitions � ; thus,allowing
for themovementof verticesthatareadjacentto many subdomains
(aslong assuchmovesreducethemaximumsubdomaindegree).
Thesensitivity on theseparametersis furtherstudiedin theexper-
imentsshown in Section4.

In addition,in bothof theseschemes,we breaktiesin favor of so-
lutions that leadto lower sum-of-external-degrees.This wasmo-
tivatedby the fact that lower SOEDsolutionsmay leadto subse-
quentimprovementsin eitheroneof themainobjective functions.
Also, if a gain of the move is tied even after consideringSOED,
theability of themoveto improveareabalancingis consideredfor
tie breaking.

3.2 Dir ect Multi­Phase Re�nement
Our �rst � -wayre�nementalgorithmfor themulti-objectiveprob-
lem formulationsdescribedin Section3.1 is basedon the multi-
phasere�nementapproachimplementedby hMETIS andwasini-
tially describedin [14]. The ideabehindmulti-phasere�nement
is quite simple. It consistsof two phases,namelya coarsening
andanuncoarseningphase.Theuncoarseningphaseis identicalto
the uncoarseningphaseof the multilevel hypergraphpartitioning
algorithm[14]. The coarseningphase,calledrestrictedcoarsen-
ing [14], however is somewhat different,as it preserves the ini-
tial partitioningthatis input to thealgorithm.Givena hypergraph

� anda partitioning * , during the coarseningphasea sequence
of successively coarserhypergraphsandtheir partitioningsis con-
structed. Let ���

&

�J*

&

� for -h�iOG�kj(� ��� �!�ml , be the sequenceof
hypergraphsandpartitionings.Givenahypergraph�

& andits par-
titioning *

& , restrictedcoarseningwill collapseverticestogether
thatbelongto only oneof thetwo partitions.Thepartitioning *

&on

�

of thenext level coarserhypergraph �

&pn

� is computedby simply
inheriting thepartition from �

& . By constructing�

&on

� and *

&on

�

in this way we ensurethat the numberof hyperedgescut by the
partitioningis identicalto thenumberof hyperedgescut by *

& in
�

& . The setof verticesto be collapsedtogetherin this restricted
coarseningschemecanbeselectedby usingany of thecoarsening
schemesthat have beenpreviously developed[14]. In our algo-
rithm, we usethe�rst-choice schemedescribedin [17], asit leads
to thebestoverall solutions[16].

Dueto therandomizationin thecoarseningphase,successive runs
of themulti-phasere�nementalgorithmcanleadto additionalim-
provementsof the partitioning solution. For this reason,in our
algorithmwe performmultiple suchiterationsandtheentirepro-
cessis stoppedwhenthesolutionqualitydoesnot improve in suc-

cessive iterations. Suchan approachis identical to the 	 -cycle
re�nementalgorithmusedby hMETIS [16].

The actual � -way partitioningre�nementat a given level during
theuncoarseningphaseis performedusingagreedyalgorithmthat
is motivatedby a similar algorithmusingin thedirect � -way par-
titioning algorithmof hMETIS. More precisely, the greedy � -way
re�nement algorithm works as follows. Considera hypergraph

�6�H�
	���
�� , andits partitioningvector * . Theverticesarevisited
in a randomorder. Let � be sucha vertex, let *,+

�

.q�sr be the
partition that � belongsto. If � is a nodeinternal to partition r

then � is not moved. If � is at theboundaryof thepartition, then
� canpotentiallybemovedto oneof thepartitionstu�

�

� thatver-
ticesadjacentto � belongto (theset tu�

�

� is oftenrefer to asthe
neighborhoodof � ). Let twv��

�

� bethesubsetof tf�

�

� thatcontains
all partitions x suchthatmovementof vertex � to partition x does
not violatethebalancingconstraint.Now thepartition x

�

t v �

�

�

that leadsto thegreatestpositive reductionin themulti-objective
functionis selectedand � is movedto thatpartition.

3.3 AggressiveMulti­Phase Re�nement
Oneof thepotentialproblemswith themulti-objective re�nement
algorithmdescribedin Section3.2 is thatit is limited in theextent
to which it canmake large-scaleperturbationson theinitial � -way
partitioningproducedby thecut-focusedrecursive-bisectioningal-
gorithm. This is dueto thecombinationof two factors.First, the
greedy, non-hill climbing natureof its re�nementalgorithmlimits
the perturbationsthat areexplored,andsecond,sinceit is based
onanFM-derivedframework, it is constrainedto makemovesthat
do not violate the balancingconstraintsof the resultingsolution.
As a result(shown later in our experiments(Section4)), it tends
to producesolutionsthat retainthe low-cut characteristicsof the
initial � -waysolution,but it doesnotsigni�cantly reducethemax-
imum subdomaindegree. Ideally, we will like a multi-objective
re�nement algorithm that is capableof effectively exploring the
entire spaceof possiblesolutionsin order to selectthe one that
bestoptimizestheparticularmulti-objective function.

Toward this goal, we developeda multi-objective re�nement al-
gorithm that allows large-scaleperturbationsof the partitioning
producedby therecursive bisectioningalgorithm. This algorithm
consistsof � vemajorstepsasfollows. Giventheinitial � -waypar-
titioning, in the�rst step,thealgorithmproceedsto furthersubdi-
vide eachof thesepartitionsinto j]y parts(where 0 is a userspeci-
�ed parameter).During thesecondstep,this j

y
� -way partitioning

is re�ned using the direct multi-phasere�nement algorithm de-
scribedin Section3.2 to optimize the particularmulti-objective
function. Eachof the resulting j

y
� partitionsare thencollapsed

into singlenodes,thatwewill referto themasmacro nodes. Now,
duringthethird step,a � -waypartitioningof thesemacronodesis
computed,suchthateachpartitionhasexactly j@y macronodes.In
thefourthstep,thequalityin termsof theparticularmulti-objective
functionof theresultingmacro-nodelevel partitioningis improved
usingarandomizedpair-wisenodeswappingalgorithm.In thisal-
gorithm,two nodesbelongingto differentpartitionsarerandomly
selectedandthequality of thepartitioningresultingby their swap
is evaluatedin termsof theparticularmulti-objective function. If
that swap leadsto a bettersolution, the swap is performed,oth-
erwiseit is not. Finally, in the �fth step,the macro-nodebased
partitioningis usedto inducea partitioningof theoriginal hyper-
graph,which is thenfurtherimprovedusingthedirectmulti-phase



re�nementalgorithmdescribedin Section3.2.

Thekey ideain theabovealgorithmis themacro-node-levelswapping-
basedre�nement algorithm. This algorithm allows us to move
largeportionsof thehypergraphbetweenpartitionswithouthaving
to eitherviolatethebalancingconstraintsor rely on a sequenceof
smallvertex-movesinorderto achieve thesameeffect. Moreover,
becauseby construction,eachmacro-nodecorrespondsto a good
cluster(asopposedto arandomcollectionof nodes)of roughlythe
samesize,suchswapscanindeedleadto improvedquality. Note
that thechoiceof therandomizedswapping-basedre�nementap-
proachwasprimarily donebecauseof its low computationalcom-
plexity, andin principle,Kernighan-Lin-baseddirect � -wayre�ne-
mentalgorithmscanbeusedinstead.

Oneof the key elementsof this aggressivere�nementalgorithm
is the methodusedto obtainthe initial � -way partitioningof the
macro-nodes.In ourstudyweimplementedtwodifferentapproaches
for computingthat partitioning. The �rst approachfocuseson
computinganinitial partitioningthathaslow cut,by inheritingthe
original � -waypartitioningof thehypergraph.Wewill referto this
as the Cut-FocusedMacro-NodePartitioning approach. On the
otherhand,the secondapproachfocuseson computingan initial
partitioningthathaslow maximumsubdomaindegreeby greedily
combiningmacro-nodesthat leadto the smallestmaximumsub-
domaindegree. For 0z�sO , this combiningis doneby sortingall
possiblepairingsof macro-nodesin increasingorderof their re-
sultingsubdomaindegree,andthentraversingthelist in thatorder
to identify thepairsof unmatchedmacro-nodesto form theinitial
partitioning.When0`a6O , suchanapproachis notcomputationally
feasibleandfor this reasonwerepeatedlyapplytheabovescheme

0 times. We will refer to this astheMax-Degree-FocusedMacro-
NodePartitioning approach.

Finally, thekey parameterof this schemeis thevalueof 0 , which
controlsthegranularityof themacro-nodesthatareused.In par-
ticular, theeffectivenessof therandomizedswapping-basedre�ne-
mentcanbe affectedboth for small aswell as large valuesof 0 .
Small valuesmay leadto largemacro-nodeswhoseswapsdo not
improvethequality, whereaslargevaluesmayleadto smallmacro-
nodesthatrequireacoordinatedsequenceof swaps(whicharenot
performedby our greedyalgorithm)to achieve thedesiredpertur-
bations.Moreover, largevaluesof 0 have theadditionaldrawback
of increasingthe overall runtime of the algorithm as it requires
moretime to obtainthe initial clustersandmorere�nementtime.
Fortunately, thefactthattheresultingsolutionis re�ned at theend
usingthe direct multi-phasere�nementalgorithmallows this ap-
proachto usereasonablysmall valuesof 0 andstill achieve good
results(as the experimentsin Section4 show) becausethe �nal
multi-phasere�nementstepis capableof performingthe type of
perturbationsthatwill beperformedfor largevaluesof 0 . In par-
ticular, our experimentsshow that 0{�|j leadsto thebestoverall
results.

4. EXPERIMENT AL RESULTS
We experimentallyevaluatedour multi-objective partitioningal-
gorithmson the18hypergraphsthatarepartof theISPD98circuit
partitioningbenchmarksuite[3]. Thecharacteristicsof thesehy-
pergraphsareshown in Table2. For eachof thesecircuits,wecom-
puteda4-, 8-, 16-,32-,and64-waypartitioningsolutionusingthe
recursivebisection-basedpartitioningroutineof hMETIS 1.5.3[16]

andthe variousalgorithmsthatwe developedfor minimizing the
maximumsubdomaindegree.ThehMETIS solutionswereobtained
by usinga49–51bisectionbalanceconstraintandhMETIS'sdefault
setof parameters.Sincethesebalanceconstraintsarespeci�edat
eachbisectionlevel, the�nal � -waypartitioningmayhaveasome-
what higherload imbalance.To ensurethat the resultsproduced
by our algorithmcanbe easilycomparedagainst thoseproduced
by hMETIS, we usedthe resultingminimum andmaximumparti-
tion sizesobtainedby hMETIS asthebalancingconstraintsfor our
multi-objective � -way re�nementalgorithm.

Benchmark No. of vertices No. of hyperedges
ibm01 12506 14111
ibm02 19342 19584
ibm03 22853 27401
ibm04 27220 31970
ibm05 28146 28446
ibm06 32332 34826
ibm07 45639 48117
ibm08 51023 50513
ibm09 53110 60902
ibm10 68685 75196
ibm11 70152 81454
ibm12 70439 77240
ibm13 83709 99666
ibm14 147088 152772
ibm15 161187 186608
ibm16 182980 190048
ibm17 184752 189581
ibm18 210341 201920

Table 2: The characteristicsof the hypergraphsusedto evalu-
ateour algorithm.

Thequality of thesolutionsproducedby our algorithmandthose
producedby hMETIS wereevaluatedby looking at threedifferent
quality measures,which arethemaximumsubdomaindegree,the
cut, andthe averagesubdomaindegree. To ensurethe statistical
signi�canceof ourexperimentalresults,thesemeasureswereaver-
agedover tendifferentrunsfor eachparticularsetof experiments.

Furthermore,due to spaceconstraints,our comparisonsagainst
hMETIS arepresentedin a summaryform, which shows the rela-
tivemaximumsubdomaindegree(RMax), relativecut (RCut), and
relative averagedegree(RDeg) achieved by our algorithmsover
thoseachievedby hMETIS averagedovertheentiresetof 18bench-
marks.To ensurethemeaningfulaveragingof theseratios,we�rst
took their KMLGN

�

-values,calculatedtheir mean} , andthenusedj]~

astheir average.This methodensuresthatratioscorrespondingto
comparabledegradationsor improvements(i.e., ratiosthatareless
thanor greaterthanone)aregivenequalimportance.

4.1 Dir ect Multi­Phase Re�nement
Our �rst setof experimentswasfocusedon evaluatingthe effec-
tivenessof the direct multi-phasere�nementalgorithmdescribed
in Section3.2. Toward this goal we performeda seriesof ex-
perimentsusingbothformulationsof themulti-objective problem
de�nition describedin Section3.1. Theperformanceachieved in
theseexperimentsrelative to thoseobtainedby hMETIS'srecursive
bisectioningalgorithmis shown in Table3. Speci�cally, this ta-
ble shows four setsof results.The�rst setusesthepriority-based
multi-objective formulationwhereasthe remainingthreesetsuse
Equation1 to combinethetwo differentobjectives.Theobjectives



werecombinedusingthreedifferentvaluesof d , namely OG�kj , and
� (where � is the numberof partitionsthat is computed),and e

waskept�x edat one.

The resultsof Table 3 show that irrespective of the numberof
partitionsor the particularmulti-objective formulation,the direct
multi-phasere�nementalgorithmproducessolutionswhoseaver-
agequality alongeachoneof thethreedifferentquality measures
is better than the correspondingsolutionsproducedby hMETIS.
As expected,the relative improvementsarehigher for the maxi-
mum subdomaindegree. In particular, dependingon the number
of partitions,thedirectmulti-phasere�nementalgorithmreduces
themaximumsubdomaindegreeby 5% to 15%. Therelative im-
provementsincreaseasthenumberof partitionsincrease,because
astheresultsin Table1 showed,thesearethepartitioningsolutions
in which the maximumsubdomaindegreeis signi�cantly higher
thantheaverageandthusthereis signi�cantly moreroomfor im-
provement.

Furthermore,thedirectmulti-phasere�nementalgorithmalsoleads
to partitioningsthat on the averagehave lower cut and average
subdomaindegree. Speci�cally, the cut tendsto improve by 1%
to 4%, whereasthe averagesubdomaindegreeimprovesby 5%
to 13%. Finally, comparingthe differentmulti-objective formu-
lationswe canseethat in general,therearevery few differences
betweenthem,with bothof themleadingto comparablesolutions.

4.2 AggressiveMulti­Phase Re�nement
Our secondsetof experimentswasfocusedon evaluatingthe ef-
fectivenessof theaggressivemulti-phasere�nementalgorithmde-
scribedin Section3.3. Toward this goal we performeda series
of experimentsin which we usedboth formulationsof the multi-
objective problemde�nition, differentvaluesof 0 , andbothmeth-
odsfor computingtheinitial macro-nodelevel-basedpartitioning.
The performanceachieved in theseexperimentsrelative to those
obtainedby hMETIS'srecursivebisectioningalgorithmis shown in
Table4. Speci�cally, for eachvalueof 0 , this tableshows four sets
of results.The�rst two setswereobtainedusingthepriority-based
multi-objective formulationwhereasthe remainingtwo setsused
thecombiningscheme.Dueto spaceconstraints,we only present
resultsin which the two objectiveswerecombinedusing d•�|� ,
and eZ�€O . Finally, for eachsetof experiments,Table4 showsthe
resultsobtainedfor thecasesin which theinitial macro-nodepar-
titioning wascomputedusingthecut-andthemax-degree-focused
approaches.

From theseresults,we can observe a numberof generaltrends
aboutthe performanceof the aggressive multi-phasere�nement
algorithmandits sensitivity to the variousparameters.In partic-
ular, as 0 increasesfrom oneto two (i.e., eachpartition is further
subdivided into two or four parts),theeffectivenessof the multi-
objectivepartitioningalgorithmtoproducesolutionsthathavelower
maximumsubdomaindegreecomparedto the solutionsobtained
by hMETIS, improves.In general,for 0��€O , themulti-objectiveal-
gorithmreducesthemaximumsubdomaindegreeby 7% to 28%,
whereasfor 08�•j , the correspondingimprovementsrangefrom
6% to 35%. However, theseimprovementslead to solutionsin
whichthecutandtheaveragesubdomaindegreeobtainedfor 0!�6j

aresomewhathigherthanthoseobtainedfor 0��IO . For example,
for 0q�^O , the multi-objective algorithmis capableof improving
the cut over hMETIS by 0% to 3%, whereasfor 0Y�‚j , the multi-

objectivealgorithmleadsto solutionswhosecut is upto 5%worse
than thoseobtainedby hMETIS. Note that theseobservationsare
to a largeextent independentof theparticularmulti-objective for-
mulationor themethodusedto obtaintheinitial macro-node-level
partitioning.

For 0E�„ƒ , the trend of continuingimprovementsin the maxi-
mumsubdomaindegreedoesnot hold, andin general,themulti-
objective algorithm leadsto solutionsthat are worsethan those
obtainedfor 0T�Ij . We believe that thereasonfor that is the fact
that, asdiscussedin Section3.3, at this level of granularity, the
macro-nodelevel swappingschemeis notveryeffectivebecauseit
operatesonrelatively smallmacro-nodesandrequirescoordinated
exchangeof nodesin orderto be effective. Moreover, in analyz-
ing theintermediateresultswe observedthatas 0 becomesgreater
than2, the averagedegreeof the intermediatesolutionstendsto
get muchworse,which limits the ability to reducethe maximum
subdomaindegreeof the�nal solution.For example,…@� partitions
of 0q�†ƒ (inducedfrom ‡]� partitions)have muchworseaverage
degreecomparedto …@� partitionsof 0b�•j . This worseaverage
degreeof …@� partitions(for 0��ˆƒ ) resultedin worsemaximum
subdomaindegreewhen � partitionsareformedsubsequently.

Also, theseresultsshow that the aggressive multi-phasere�ne-
ment algorithm is to a large extent insensitive on the particular
multi-objective function and schemeusedto computethe initial
macro-nodepartitioning. The only exceptionoccursfor the cut-
focusedinitial partitioningscheme,for which the priority-based
schemeleadsto consistentlybettersolutionsthat thoseobtained
by the combinedscheme.The causeof this performancediffer-
enceis currentlyunderinvestigation.

Finally, comparingthe resultsobtainedby the aggressive multi-
phasere�nement with the correspondingresultsobtainedby the
directmulti-phasere�nementalgorithm(Tables4 and3), we can
seethat in termsof themaximumsubdomaindegree,theaggres-
sive schemeleadsto substantiallybettersolutionsthanthoseob-
tainedby the direct scheme,whereasin termsof the cut andthe
averagesubdomaindegree,the direct schemeis superior. These
resultsare in agreementwith the designprinciplesbehindthese
two multi-phasere�nementschemesfor the multi-objective opti-
mizationproblemat hand,andillustratethattheformeris capable
of makingrelatively largeperturbationson the initial partitioning
obtainedby recursive bisectioning,aslong astheseperturbations
improve the multi-objective function. In general,the aggressive
multi-phasere�nementschemewith 0q�^O , dominatesthe direct
scheme,asit leadsto betterimprovementsin termsof maximum
subdomaindegreeandstill improvesover hMETIS in termsof cut
andaveragedegree. However, if the goal is to achieve the high-
estreductionin themaximumaveragedegree,thentheaggressive
schemewith 08�‰j shouldbe the preferredchoice,asit doesso
with relatively little degradationon thecut.

4.3 Runtime Complexity
Table5 shows the amountof time requiredby the variousmulti-
objective partitioningalgorithmsusingeitherdirector aggressive
multi-phasere�nement. For eachvalueof � andparticularmulti-
objective algorithm,this tableshows thetotal amountof time that
wasrequiredto partitionall 18 benchmarksrelative to theamount
of time requiredby hMETIS to computethe correspondingparti-
tionings. From theseresultswe canseethat the multi-objective



Prioritized Combined,ŠŒ‹Ž•�•
•h‹Ž• Combined,ŠŒ‹f‘>•
•h‹Ž• Combined,ŠŒ‹f’(•�•h‹P•

’ RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg
4 0.955 0.981 0.948 0.940 0.967 0.934 0.928 0.964 0.931 0.929 0.967 0.934
8 0.890 0.967 0.913 0.877 0.947 0.892 0.886 0.952 0.897 0.881 0.959 0.906
16 0.884 0.969 0.898 0.876 0.958 0.886 0.886 0.965 0.894 0.886 0.966 0.894
32 0.865 0.967 0.886 0.874 0.959 0.874 0.871 0.963 0.877 0.870 0.964 0.878
64 0.851 0.970 0.880 0.864 0.966 0.872 0.876 0.970 0.875 0.859 0.969 0.875

Table 3: Dir ect Multi-Phase Re�nement Results. RMax, RCut, and RDegare the averagemaximum subdomaindegree,cut, and
averagesubdomaindegree,respectively of the multi-objecti ve solution relative to hMETIS. Numbers lessthan oneindicate that the
multi-objecti vealgorithm producessolutionsthat have lower maximum subdomaindegree,cut, or averagesubdomaindegreethan
thoseproducedby hMETIS.

“

‹P•

Prioritized Combined,ŠŒ‹f’(•�•h‹P•

Cut-Focused Max-Degree-Focused Cut-Focused Max-Degree-Focused
’ RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg
4 0.923 0.989 0.955 0.927 0.990 0.958 0.910 0.970 0.939 0.904 0.972 0.941
8 0.842 0.984 0.934 0.838 0.995 0.945 0.832 0.974 0.923 0.834 0.992 0.943
16 0.799 0.994 0.932 0.787 1.005 0.942 0.813 0.994 0.929 0.795 1.000 0.935
32 0.757 0.991 0.919 0.754 0.993 0.923 0.797 0.992 0.919 0.758 0.991 0.917
64 0.722 0.993 0.911 0.724 0.996 0.916 0.758 0.992 0.903 0.721 0.993 0.905

“

‹u‘

Prioritized Combined,ŠŒ‹f’(•�•h‹P•

Cut-Focused Max-Degree-Focused Cut-Focused Max-Degree-Focused
’ RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg
4 0.932 0.999 0.966 0.938 1.021 0.991 0.902 0.974 0.943 0.905 0.992 0.963
8 0.824 1.011 0.963 0.825 1.046 1.004 0.821 0.994 0.945 0.814 1.041 1.001
16 0.760 1.020 0.971 0.749 1.049 1.008 0.786 1.014 0.962 0.751 1.048 1.003
32 0.702 1.021 0.969 0.693 1.041 0.991 0.741 1.019 0.958 0.689 1.033 0.976
64 0.663 1.028 0.971 0.654 1.040 0.983 0.718 1.032 0.963 0.652 1.041 0.974

“

‹f”

Prioritized Combined,ŠŒ‹f’(•�•h‹P•

Cut-Focused Max-Degree-Focused Cut-Focused Max-Degree-Focused
’ RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg RMax RCut RDeg
4 0.958 1.011 0.977 1.007 1.121 1.091 0.911 0.976 0.943 0.950 1.058 1.029
8 0.847 1.006 0.957 0.848 1.119 1.088 0.834 0.988 0.937 0.842 1.109 1.073
16 0.768 1.018 0.964 0.759 1.101 1.070 0.791 1.012 0.952 0.754 1.077 1.034
32 0.720 1.020 0.968 0.697 1.095 1.059 0.759 1.023 0.964 0.700 1.064 1.010
64 0.727 1.035 0.977 0.701 1.100 1.052 0.788 1.050 0.980 0.663 1.066 1.006

Table 4: Aggressive Multi-Phase Re�nement Results. RMax, RCut, and RDegare the averagemaximum subdomaindegree,cut,
and averagesubdomaindegree,respectively of the multi-objecti vesolution relative to hMETIS. Numbers lessthan oneindicate that
the multi-objecti ve algorithm producessolutionsthat have lower maximum subdomaindegree,cut, or averagesubdomaindegree
than thoseproducedby hMETIS.

’ Direct Aggres.,
“

‹P• Aggres.,
“

‹u‘ Aggres.,
“

‹•”

4 1.431 2.081 2.794 3.809
8 1.399 2.151 2.990 3.924
16 1.397 2.029 3.018 3.584
32 1.450 2.018 2.763 3.599
64 1.535 2.060 3.067 4.522

Table 5: The amount of time required by the multi-objecti ve
algorithms relative to that required by hMETIS.

algorithmthat usesthe direct multi-phasere�nement is the least
computationallyexpensive and requiresaround50% more time
thanhMETIS does.On theotherhand,thetime requiredby theag-
gressive multi-phasere�nementschemesis somewhathigherand
increaseswith the valueof 0 . However, even for this algorithm,
its overallcomputationalrequirementsarerelatively small.For in-
stance,for 0��–O and 0��ˆj (the casesin which the aggressive
multi-phasere�nementschemeled to the bestresults)it only re-
quirestwo andthreetimesmoretime thanhMETIS, respectively.

5. CONCLUSIONS AND FUTURE WORK
In this paperwe presenteda family of multi-objective hypergraph
partitioningalgorithmsfor computing� -way partitioningsthatsi-
multaneouslyminimize thecut andthemaximumsubdomainde-
greeof theresultingpartitions.Ourexperimentalevaluationshowed
thatthesealgorithmsarequiteeffectivein optimizingthesetwoob-
jectiveswith relatively low computationalrequirements.Thekey
factorcontributing to thesuccessof thesealgorithmswastheidea
of focusingon the maximumsubdomaindegreeobjective oncea
goodsolutionwith respectto thecut hasbeenidenti�ed. We be-
lieve that sucha framework canbe appliedto a numberof other
multi-objective problemsinvolving objectivesthatarereasonably
well-correlatedwith eachother.

Thispartitioningframework caneasilybeextendedfor placement.
Wearecurrentlyextendingthismethodologyfor placementaswell
asinvestigatingthepossibilityof arbitrarily subdividing partitions
insteadof j]y usedhere.



The multi-objective algorithmspresentedherecan be improved
furtherin a numberof directions.In particular, our resultsshowed
thattheaggressivemulti-phasere�nementapproach,thoughpromis-
ing, can lead to worsesolutionsfor relatively large valuesof 0 .
Usinganddevelopingbetterandmorepowerful re�nementalgo-
rithms at the macro-nodelevel can potentially addresssomeof
theseshortcomings.Also, our work so far was focusedon pro-
ducingmulti-objective solutions,which satisfy the samebalanc-
ing constraintsasthoseresultingfrom the initial recursive bisec-
tioning basedsolution.However, additionalimprovementscanbe
obtainedby relaxingthelower-boundconstraint.Our preliminary
resultswith suchanapproachappearspromising.
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