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Abstract

Graphpartitioninghasbeenshown to beaneffective way to divide a largecomputationover an arbitrarynum-
ber of processors.A goodpartitioningcanensureload balanceandminimize the communicationoverheadof the
computationby partitioningan irregularmeshinto p equalpartswhile minimizing thenumberof edgescut by the
partition. For a largeclassof irregularmeshapplications,thestructureof thegraphchangesfrom onephaseof the
computationto thenext. Eventually, asthegraphevolves,theadaptedmeshhasto berepartitionedto ensuregood
loadbalance.Failureto do sowill leadto higherparallelrun time. This repartitioningneedsto maintaina low edge-
cut in orderto minimizecommunicationoverheadin thefollow-on computation.It alsoneedsto minimizethetime
for physicallymigratingdatafrom oneprocessorto anothersincethis time candominateoverall run time. Finally,
it mustbefastandscalablesinceit maybenecessaryto repartitionfrequently. Partitioningtheadaptedmeshagain
from scratchwith an existing graphpartitionercanbe donequickly andwill result in a low edge-cut.However, it
will leadto anexcessive migrationof dataamongprocessors.In this paper, we presentnew parallelalgorithmsfor
robustlycomputingrepartitioningsof adaptively refinedmeshes.Thesealgorithmsperformdiffusionof verticesin a
multilevel framework andminimizedatamovementwithout compromisingtheedge-cut.Furthermore,our parallel
repartitionersincludeparameterizedheuristicsto specificallyoptimizeedge-cut,totaldatamigration,or themaximum
amountof datamigratedinto andoutof any oneprocessor. Our resultsonavarietyof syntheticmeshesshow thatour
parallelmultilevel diffusionalgorithmsarehighly robustschemesfor repartitioningadaptive meshes.Theresulting
edge-cutsarecloseto thoseresultingfrom partitioningfrom scratchwith a state-of-the-artgraphpartitioner, while
datamigrationis substantiallyreduced.Furthermore,repartitioningcanbe donevery fast. Our experimentsshow
thatmesheswith aroundeightmillion verticescanberepartitionedona256-processorCrayT3D in only acoupleof
seconds.

1 Introduction
Meshpartitioningis an importantproblemwhich hasapplicationsin many areas,includingscientificcomputing.In
irregularmeshapplications,theamountof computationassociatedwith a grid point is representedby theweightof
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its associatedvertex. The amountof interactionrequiredbetweentwo grid points is representedby the weight of
theedgebetweentheassociatedvertices.Efficient parallelexecutionof theseirregulargrid applicationsrequiresthe
partitioningof the associatedgraphinto p partswith the following two constraints:(i) Eachpartition hasan equal
amountof total vertex weight; (ii) Thetotal numberof edgescut by thepartitions(thereafterreferredto asedge-cut)
is minimized. Sincetheweightof any givenedgerepresentstheamountof communicationrequiredbetweennodes,
minimizingthenumberof edgescutby thepartitiontendsto minimizetheoverallamountof communicationrequired
by thecomputation.Thisproblemhasbeenwell definedanddiscussedin previouswork [2, 7].

For alargeclassof irregulargrid applications,thecomputationalstructureof theproblemchangesin anincremental
fashionfrom onephaseof thecomputationto another. For example,in adaptivemeshes[1], areasof theoriginalgraph
areselectively coarsenedor refinedin orderto accuratelymodelthedynamiccomputation.This causestheweights
of theverticesandtheedgesto change.Eventually, asthegraphevolves,it becomesnecessaryto correctthepartition
in accordancewith thestructuralchangesin thecomputationandto migrateacertainamountof computationbetween
processors.Thus,we needa partitioningor repartitioningalgorithmto redistributetheadaptedgraph.Thisalgorithm
shouldsatisfythefollowing constraints.

1. It robustly balances the graph. Failureto balancethegraphwill leadto loadimbalance,which will result
in higherparallel run time. In order to make the repartitioningalgorithmgeneralit mustbe able to balance
graphsfrom awide varietyof applicationdomains.

2. It minimizes edge-cut. The redistributedgraphshouldhave a small edge-cutto minimizecommunication
overheadin thefollow-oncomputation.

3. It minimizes vertex migration time. Oncethemeshis repartitioned,andbeforethegrid computationcan
begin, dataassociatedwith themigratedverticesalsoneedsto bemoved. In many adaptive computations,the
dataassociatedwith eachvertex is verylarge.Thetimefor movementof thedatacandominateoverallruntime,
especiallyif themeshis adaptedfrequently.

4. It is fast. Thecomputationalcostof repartitioningshouldbeinexpensivesinceit is donefrequently. Also,since
theproblemstudiedin this paperis relevantonly in theparallelcontext, therepartitioningalgorithmshouldbe
parallelizable.

If theadaptedgraphis partitionedfrom scratchusinga state-of-the-artmultilevel graphpartitionersuchastheone
implementedin METIS [6], thenit will reasonablyoptimizecriterion1 and2. Sincea highly parallelformulationof
thisalgorithmexists[6], criterion4 canalsobemetto a largeextent.Partitioningfrom scratchwill, however, resultin
high vertex migration,asthepartitioningdoesnot take theinitial locationof theverticesinto account.A partitioning
methodthat incrementallyconstructsa new partitionassimply a modificationof theinput partition(e.g.by diffusion
[11]) canpotentiallymove a muchsmallernumberof vertices. Sucha methodcanalsobe potentially fasterthan
partitioningthegraphfrom scratch.

Repartitioningschemesthat incrementallymodify anexisting partitionhave beenquitesuccessfulon graphsthat
aresmallperturbationsof theoriginalgraphs[9, 11]. For thesegraphs,sucha schemeinheritsa good(i.e., low edge-
cut), but imbalancedstartingpoint in the initial partition. It thenattemptsto fix theimbalanceof this partitionwhile
maintainingits goodedge-cut.It doesthis by minimizing the amountof disturbance(i.e., vertex migration)to the
initial partition in thebalancingphase.For only slightly imbalancedgraphs,the initial partitiondoesnot needto be
disturbedvery much,andso thesealgorithmsareableto maintainanedge-cutcomparablewith the initial partition.
However, if theinitial partitionis highly imbalanced,thenmany verticesneedto move in orderto balancethegraph.
Thus,even if the disturbanceto the initial partition is minimized,the final partition will necessarilyendup quite a
bit removed from it. Hence,the balancingphaseof sucha methodwill increasethe edge-cutconsiderably. Local
refinement[9, 11] canonly providea limited improvementin theedge-cutof theresultingpartition.

Onepromisingsolutionto the problemof edge-cutdegradationasthe degreeof imbalanceincreasesin sizeand
complexity is theuseof amultilevel scheme[2, 4] thattakestheinitial locationof theverticesinto consideration.The
multilevel paradigmallows the local refinementto beperformedat multiple coarsenedversionsof thegraph,which
hasbeenshown to bequiteeffective in reducingtheedge-cut.In additionto therefinement,themovementof graph
vertices(to achieve loadbalance)canalsobedoneat multiple coarsenedversions.This multilevel diffusionscheme
canmovelargechunksof verticesatcoarserlevels,andthenachievebetterloadbalanceatfiner levels. In amultilevel
context, a global pictureof the graph[3] canbe usedto guidegraphbalancingwhile utilizing a multilevel view to
guiderefinement.
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We have developedmultilevel diffusionschemesthat incrementallyconstructsa new partitionof thegraph[10].
Theseschemescoarsenthegraph,begin multilevel diffusionon thecoarsestgraphs,andthenbegin multilevel refine-
mentassoonasthepartitionis sufficiently balanced.By applyingdiffusionon thecoarsestgraphs,we speedup the
costlydiffusionprocess,sincethis is doneonrelatively smallgraphs.Wearealsoableto effectively controlthetrade-
off betweenedge-cutandvertex migrationsincediffusionandrefinementarelinked in a multilevel context. In this
paper, wepresentabrief overview of theseschemesandprovideexperimentalresultsof anMPI-basedimplementation
of theseschemesona256-processorCrayT3D for avarietyof adaptivegraphs.Ourexperimentalresultsshow thatwe
canrepartitionadaptivemeshesin lesstime thanit takesto partitionthemeshesfrom scratch,maintaina comparable
edge-cut,andmovefar lessverticesin theprocess.

2 Notations, Definitions, and Issues
Ourdiscussionwill includetheconceptsof bothvertex weightandvertex size.Vertex weightis thecomputationalcost
of thework representedby thevertex while sizeis its migrationcost.Thus,therepartitionershouldattemptto balance
thegraphwith respectto vertex weightwhile minimizing vertex migrationwith respectto vertex size.Dependingon
therepresentationandstoragepolicy of thedata,sizeandweightmaynot necessarilybeequal.Oneexampleof such
a situationarisesin [8].

Let G � �
V � E � beanundirectedgraphof V verticesandE edgesandP bea setof p processors.Let si represent

the cost of movementof vertex � i . We will refer to si as the sizeof vertex i . Let � i representthe weight (i.e.,
computationalwork) of vertex � i and � e

� � 1 ��� 2 � equaltheamountof communicationrequiredbetween� 1 and � 2. A
vertex’sdensityis equalto its weightdividedby its size. We denoteB

�
q � asthesetof verticeswith partitionq. The

weightof any partitionq canthenbedefinedas:

W
�
q ��� 	

i 
 B� q � � i

A vertex is clean if its currentpartition is its initial partitionon the input graph. Otherwiseit is dirty. A vertex
is a border vertex if oneof its adjacentverticesis in anotherpartition. If so, thenall suchpartitionsarethevertex’s
neighborpartitions.If a partitioncontainsat leastonevertex whichhasanotherpartitionasa neighborpartition,then
thosetwo partitionsareneighborpartitionsto eachother.

TotalV is definedasthesumof thesizesof verticeswhich changepartitionsastheresultof partitioningor reparti-
tioning. Thus,it is thesumof thesizesof thedirty vertices.MaxV is definedasthemaximumof thesumsof thesizes
of thoseverticeswhichmigrateinto andoutof any onepartitionasa resultof partitioningor repartitioning.

2.1 Multilevel Diffusion Algorithms: A Brief Overview

Our serialmultilevel diffusion algorithmshave threephases:a coarseningphase,a multilevel diffusion phase,and
a multilevel refinementphase. In the coarseningphase,only pairsof nodesthat belongto the samepartition are
consideredfor merging. Hence,theinitial partitionof thecoarsestlevel graphis identicalto theinputpartitionof the
graphthatis beingrepartitioned,andthusdoesnotneedto becomputed.

In the multilevel diffusion phase,balanceis soughtby meansof eitherundirected or directed diffusion. In the
caseof undirecteddiffusion, theborderverticesarevisited in a randomorder. If a vertex belongsto anoverweight
partition (i.e., a partitionwhoseweight is higherthanthe averageweight), thenit is movedto an adjacentpartition
with lower weight. If therearemorethanoneadjacentpartition satisfyingthis condition,the onethat leadsto the
smalleredge-cutis selected.If a vertex belongsto a partitionwith averageweight,thenit is movedto a partitionthat
leadsto a reductionin theedge-cutaslong asit doesnot make thedestinationpartitionoverweight.Again, if there
aremorethanonepartitionsatisfyingthis condition,theonethatleadsto thesmalleredge-cutis selected.If a vertex
belongsto anunder-weightpartitionit is notmoved.Notethatavertex belongingto anoverweightpartitioncanmove
evenif thismigrationleadsto anincreasein theedge-cut.Thisprocessis repeatedfor asmallnumberof stepsor until
eitherbalanceis obtainedor no progressis madein balancing.Notethatin thisscheme,diffusionis performedusing
only local information.

In the caseof directeddiffusion, a global picture is usedto guide the vertex migration. This global picture is
computedby the2-normminimizationsolutiondescribedin [3]. The resultof this computationis a transfermatrix
thatindicateshow muchweightneedsto betransferedbetweenneighboringpartitions.Usingthis transfermatrix, the
directeddiffusion schemeworks asfollows. Again, the boarderverticesarevisited in a randomorder. If a vertex
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is neighborswith a partition which accordingto the transfermatrix needsto transferwork to, thenthat vertex can
be migratedto the neighborpartition. If a vertex is neighborswith morethanonesuchpartition, it is migratedto
thatpartitionwhich will producethehighestgain in edge-cut.Thevertex is migratedevenif thegain in edge-cutis
negative. After a vertex is migrated,thetransfermatrix is updatedto reflectthevertex migration(i.e., theweightof
thevertex thatwasmovedis subtractedfrom theappropriateentryof thetransfermatrix). After eachbordervertex is
visitedexactlyonce,theprocessrepeatsuntil eitherbalanceis obtainedor noprogressis madein balancing.

In both of theseschemesusedduring themultilevel diffusionphase,it maynot be possibleto balancethe graph
at thecoarsestgraphlevel. That is, theremaynot besufficiently fine verticeson thecoarsestgraphto allow for total
balancing. If this is the case,the graphneedsto be uncoarsenedonelevel in orderto increasethe numberof finer
vertices.Theprocessdescribedaboveis thenbegunonthenext coarsestgraph.

After thegraphis balanced,multilevel diffusionendsandmultilevel refinementbeginson thecurrentgraph.Here,
theemphasisis on improving theedge-cut.Theborderverticesareagainvisitedrandomlyandarecheckedto seeif
they canbemigratedto anotherpartitionsothat

1. maintaintheedge-cut,maintainthebalance,andtheselectedpartition is thevertex’s initial partition from the
inputgraph,or

2. decreasetheedge-cutwhile maintainingthegraphbalance,or

3. maintaintheedge-cutandimprovegraphbalance.

If so,verticesaremigrated.Thesethreeconditionsmakeuptherefinementphasevertex migrationcriteria. Criterion1
allowsverticesto migrateto their initial partitions(aslongasthemigrationdoesnot increasetheedge-cutandworsen
theloadbalance),andtherefore,to lowerTotalV andpossiblyMaxV [10].

Dynamicsuppressionof verticesasdescribedin [10] is alsoutilized duringmultilevel diffusionto reduceMaxV.
Essentiallywith thisvariation,themigrationof relatively non-denseverticesis suppressedduringthebalancingphase.
Theconceptof vertex cleannessasdescribedin [10] is incorporatedin multilevel refinementin orderto reducethe
TotalV. That is, only thoseverticeswhich have eitherbeendisplacedin theprocessof balancingor thosewhich will
resultin asufficiently highedge-cut-gain-to-size-ratioareeligible for migrationduringrefinement.

A completedescriptionof the schemeandextensive experimentalresultsconductedon a singleprocessorfor a
varietyof adaptedmeshesarepresentedin [10].

3 Parallel Multilevel Diffusion Algorithms
Wehavedevelopedparallelversionsof themultilevel diffusionalgorithmsasfollows. Verticesareinitially assumedto
bedistributedacrossp processors.Thisdivisionof verticescorrespondsto theoriginalpartitionof a staticpartitioner
andis assumedto be of goodquality (i.e., low edge-cut).However, the sumsof the vertex weightsof the vertices
residentoneachprocessorareassumedto bevariant.Thus,theoriginalpartitionis notbalancedandsothereis aneed
for repartitioning.

Our parallelalgorithmsbegin with a coarseningphasein which a sequenceGi � �
Vi � Ei � for i � 0 � 1 ��
�
�
�� m,

of successively coarsergraphsis constructed.GraphGi � 1 is constructedfrom Gi by first computinga matchingof
verticesof Gi andthencollapsingtogetherthematchedvertices.Thematchingscomputedarerestrictedto vertices
residingon thesameprocessors.By adheringto this restriction,coarseningis inherentlyveryparallel.Otherwise,this
phaseis identicalasdescribedin [7].

The parallel formulationof the multilevel diffusion phasedependson whetheror not we are usingdirectedor
undirecteddiffusion. In the caseof directeddiffusion, we choseto performthe directeddiffusion for the coarsest
graphserially. Sincethecoarsegraphis very small (its sizeis proportionalto thenumberof processors),this serial
computationdoesnot significantlyaffect the overall performanceandscalabilityof our parallelmultilevel directed
diffusion algorithm. Furthermore,we usethe additionalprocessorsto obtaina betterdirecteddiffusion asfollows.
Thegraphis broadcastto all processors.Eachprocessorthensimultaneouslybalancesthe coarsestgraphusingthe
directeddiffusionalgorithmdescribedin Section2.1.Sincethediffusionschemeis inherentlyrandom,eachprocessor
computesa potentiallyuniquepartition. The bestpartition is selected.The selectioncriteria areeither; (i) lowest
edge-cut,(ii) lowestTotalV, (iii) lowestMaxV, or (iv) greatestbalance.In our experiments,we selectthe partition
thathasthelowestedge-cut.In somecases,thecoarsestgraphmaybetoocoarseto allow for completebalancing.For
this reasonwe usetheparallelundirecteddiffusionalgorithm(describedin thenext paragraph)to balanceany minor
imbalances.
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Multilevel Diffusion

(a) Multilevel Undirected Diffusion (b) Multilevel Directed Diffusion

Multilevel Diffusion
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The parallelformulationof the undirecteddiffusion algorithmis modeledafter our coarse-grainedparallelmul-
tilevel refinementalgorithm[7]. Eachiterationof the parallelmultilevel refinementalgorithmconsistsof two sub-
phases.During thefirst sub-phase,verticesaremigratedonly from lower- to higher-numberedpartitions.During the
secondsub-phase,verticesaremigratedfrom higher- to lower-numberedpartitions.In this way, unexpectededge-cut
increasescausedby thesimultaneousmigrationof neighboringverticesis avoided.Furthermore,our schemesavoids
any biastowardsthelower- or higher-numberedpartitions,by usingateachstepa randompartitionordering.In each
sub-phase,verticesarevisitedandselectedfor migrationaccordingto thecriteria for undirecteddiffusiondescribed
in Section2.1.

Theparallelformulationof themultilevel refinementalgorithmis similar to that for undirecteddiffusionwith the
exceptionthatverticesaremovedaccordingto therefinementphasevertex migrationcriteria describedin Section2.1.
Furthermore,theconceptof vertex cleannessasdescribedin [10] is alsoemployedin our schemein orderto reduce
TotalV. Otherwise,ourmultilevel refinementalgorithmis identicalto thecoarse-grainedparallelmultilevel refinement
algorithmdescribedin [7].

In summary, as illustratedin Figure1, our parallelmultilevel diffusion algorithmsaremadeup of threephases,
graphcoarsening,multilevel diffusion,andcoarse-grainedmultilevel refinement.In thecaseof undirecteddiffusion
all threephasesaredonein parallel,whereasin thecaseof directeddiffusiontwo of thethreephases,coarseningand
refinement,aredonein parallel,andthediffusionis doneseriallyonall processors.

4 Experimental Results
We testedour parallelmultilevel repartitioningalgorithmson a Cray T3D with 256 processors.Eachprocessoron
the T3D is a 150MhzDec Alpha (EV4). The processorsare interconnectedvia a threedimensionaltorusnetwork
thathasapeakunidirectionalbandwidthof 150Bytespersecond,andasmalllatency. WeusedCray’sMPI library for
communication.Cray’sMPI achievesapeakbandwidthof 45MBytesandaneffectivestartuptimeof 57microseconds.

Weevaluatedtheperformanceof ourparalleladaptivemultilevel diffusionalgorithmsonfour mediumto largesize
graphsarisingin finite elementcomputations.Thecharacteristicsof thesegraphsaredescribedin Table1. For each
graphwesyntheticallygeneratedadaptivegraphsby randomlychangingtheweightsof thevertices.For example,on
64 processors,wefirst computeda 64-waypartitionandmovedthegraphsothatprocessorPi storestheverticesthat
belongto partitioni . Next, eachprocessorPi selectsarandomnumberr i betweenzeroandthenumberof verticesthat
it stores,andrandomlyselectsr i of its verticesandchangestheirweightfrom oneto three.Wefoundthatthisscheme
leadsto graphsthat areabout50% load imbalanced,i.e., thereis a partition whoseweight is 50% higherthanthe
averageweight.Thesesyntheticallygeneratedgraphsarethenusedastheinputto ourparallelmultilevel diffusionand
partitioningalgorithms.In all of our experiments,a graphthat is 5% loadimbalanceis assumedto bewell balanced,
andin all experimentsthis loadimbalancelevel is easilyachieved.

Table2 showstheresultsobtainedby ourparallelmultileveldirectedandundirecteddiffusionalgorithmsfor thetest
problemson64,128,and256processors.For eachproblem,thistableshowstheedge-cutof theresultingpartitioning,
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GraphName Numberof Vertices Numberof Edges Description
MRNGA 257000 505048 Dualof a3D Finiteelementmesh
MRNGB 1017253 2015714 Dualof a3D Finiteelementmesh
MRNGC 4039160 8016848 Dualof a3D Finiteelementmesh
MRNGD 7833224 15291280 Dualof a3D Finiteelementmesh
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thetotalnumberof verticesthatneedsto bemoved(TotalV), themaximumnumberof verticesthatneedsto bemoved
in andout of any particularprocessor(MaxV), aswell asthe amountof time (in seconds)requiredto computethe
repartitioning. The rows labeled‘Scratch’ show similar performancemetricsfor the schemein which the adaptive
graphis beingrepartitionedfrom scratchusingtheparallelmultilevel k-way partitioningalgorithmdescribedin [7].
Finally, therowslabeled‘Imbalance’indicatetheloadimbalanceresultedby oursyntheticadaptationschemefor each
oneof thegraph-processorcombinations.As you cansee,the load imbalancerangesbetween1.42(42%)and1.52
(52%).NotethatMRNGD couldnot runon64processorsdueto thelimited amountof memoryoneachprocessor.

Graph Scheme 64Processors 128Processors 256Processors
Cut TotalV MaxV Time Cut TotalV MaxV Time Cut TotalV MaxV Time

MRNGA Imbalance 1.4244 1.4391 1.4971
Undirected 26457 24819 2427 0.573 32898 24089 1391 0.424 42536 25423 730 0.436
Directed 25895 25858 2363 0.666 34635 26670 1430 0.547 42502 25620 755 1.066
Scratch 25099 253856 9815 0.902 32855 252054 4991 1.019 43130 256020 2660 2.247

MRNGB Imbalance 1.4876 1.4955 1.4854
Undirected 69428 92806 10625 1.377 87687 94704 5342 1.017 112522 94328 2821 0.817
Directed 67032 94397 10447 1.534 86836 90785 5376 1.174 112199 95074 3028 1.161
Scratch 65395 996825 39444 2.039 85812 1016832 20365 1.799 110459 1016166 10507 3.294

MRNGC Imbalance 1.4715 1.4920 1.4995
Undirected 169336 342078 46182 3.994 217165 358453 26919 2.435 278607 368216 11513 1.689
Directed 169559 386720 44182 4.385 223031 382812 27300 2.685 279832 351109 11299 2.092
Scratch 167617 3943621 166742 5.056 222368 3998118 83983 3.558 281195 3984525 42061 4.352

MRNGD Imbalance 1.4470 1.5152
Undirected 345122 640172 40995 4.145 452386 743892 22439 2.747
Directed 350334 700727 46231 4.511 445263 768296 22902 3.203
Scratch 343354 7487361 156524 5.511 438704 7507463 83205 4.692
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To bettercomparethethreeschemeswegraphicallydepictedtheresultsshown in Table2 in thesequenceof graphs
shown in Figures2–5. In particular, Figure2 comparesthequalityin termsof edge-cutproducedby thetwo multilevel
diffusionalgorithmsrelative to partitioningfrom scratch.For eachexperiment,we computedtheratio of theedgecut
producedby thediffusionalgorithmsto thatof partitioningfrom scratchandplottedit usingabarchart.For example,
thebarsfor MRNGB-128 correspondsto partitioningtheadaptively refinedgraphMRNGB on128processors.Look-
ing at thisfigurewecanseethattheedge-cutsof thepartitioningsproducedby thetwo multilevel diffusionalgorithms
arein generalwithin 5% of theedge-cutproducedby partitioningtheadaptivegraphsfrom scratch.Furthermore,for
someof thesegraphs(e.g., MRNGA-256 andMRNGC-128) themultilevel diffusionalgorithmsproducedpartition-
ingswhoseedge-cutwasslightly betterthanthatof partitioningfrom scratch.Theseresultsshow that our adaptive
multilevel diffusionalgorithmsareableto producepartitioningswhosequality is comparableto thequality obtained
by theparallelmultilevel partitioningalgorithm.Comparingthetwo multilevel diffusionalgorithmstogether, we see
that in generalthey leadto partitioningsthat have comparableedge-cuts.Out of the elevenexperiments,the undi-
recteddiffusionschemeleadsto smalleredge-cutsfor six of them,whereasthedirecteddiffusiondoesbetterin five
experiments.

Theperformancein termson thenumberof verticesthatneedto bemoved(TotalV andMaxV) is shown in Fig-
ures3 and4, respectively. Looking at thesetwo figureswe canclearlyseetheadvantageof themultilevel diffusion
algorithmsover partitioningfrom scratchin significantlyreducingthenumberof verticesthatneedsto bemovedin
orderto achieve loadbalance.Themultilevel diffusionschemesmove in generallessthan10%percentof the total
numberof verticesthatarerequiredto bemovedby partitioningfrom scratch(Figure3), andthemaximumnumberof
verticesthatis sentandreceivedby any processoris lessthan30%of thatrequiredby partitioningfrom scratch(Fig-
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ure4). Thisdramaticreductionin datamovementcoupledwith thecomparableedge-cutqualitymakesthemultilevel
diffusionalgorithmsa clearchoicefor repartitioningadaptively refinedgraphs.As it wasthecasewith theedge-cut,
therelative performanceof directedandundirecteddiffusionis quitesimilar, with bothschemesperformingwithin a
couplepercentagepointsof eachother.
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Finally, Figure5 shows the amountof time requiredby the two multilevel diffusionalgorithmsrelative to parti-
tioning from scratch.Fromthisfigurewe canseethatthemultilevel diffusionalgorithmsareconsiderablyfasterthan
partitioningthegraphfrom scratch.In particular, for MRNGD on 256processors,undirecteddiffusionis about40%
fasterthanpartitioningfrom scratch,requiringonly 2.75seconds(partitioningfrom scratchrequires4.69seconds).
This run-timedifferenceis mostlydueto the fact that themultilevel diffusionalgorithmsdo not have to computean
initial k-way partitioningof the coarsestgraph,as they inherit the original partitioning. Comparingthe multilevel
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undirecteddiffusionwith thedirecteddiffusionalgorithmwe seethat the former is faster, andtheperformancegap
increaseswith thenumberof processors.This is because,asdiscussedin Section3, thedirecteddiffusionalgorithm
needsto diffusethecoarsestgraphserially, whereastheundirecteddiffusionalgorithmdoesnot have this serialcom-
ponent.Lookingattherun-timesshown in Table2 wecanseethatbothmultilevel diffusionalgorithmsscaleverywell
with thenumberof processors,andthey areableto partitiongraphswith aroundeightmillion verticesin aroundthree
seconds.
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5 Conclusion and Related Work
Walshaw, Cross,and Everett also implementeda parallel partitionerand directeddiffusion repartitionerbasedon
an optimizationof the Hu andBlake diffusion solver [3, 12, 11]. Their algorithmshastwo distinct phases,called
balancingandrefinementphase.Thefirst is abalancingphasein which thediffusionsolutionguidesvertex migration
in orderto balancethe graph. Unlike our algorithms,this diffusion is performedon the original graph(i.e., it does
notutilize amultilevel representation),andrequiresasignificantamountof timeespeciallyfor graphsthataregrossly
load imbalanced.Thesecondis a local refinementphasein which a local view of thegraphguidesvertex migration
in orderto decreasetheedge-cutupsetby thebalancingphase.For this refinementphasethey useeitherasingle-level
refinementscheme(performedonthefull graph),or they usea multilevel refinementschemesimilar to thatdescribed
in [5]. They reportresultson a setof small- to medium-sizetwo-dimensionalmesheswith very moderateimbalance
problems(around10%). In thecaseof their single-level refinementscheme,they reportresultsin which theTotalV
is low andtheedge-cutincreasesonly slightly overpartitioningfrom scratch.However, whenthey usethemultilevel
refinementscheme,they areableto decreasetheedge-cut,at thecostof increasingtheTotalV considerably.

In this paperwe presentedscalableandhighly parallel formulationsof multilevel diffusion algorithms. Our al-
gorithmsareableto quickly repartitiongraphscorrespondingto adaptively refinedmeshesandobtainpartitionings
whosequality is comparableto thoseobtainedby thehigh-qualityparallelmultilevel k-way partitioningalgorithmof
METIS [7], while dramaticallyreducingtheamountof datamovementrequiredto realizethisnew partition.Unlike the
algorithmsof Walshaw etal., ourparallelmultilevel diffusionalgorithmscombinebothdiffusionandrefinementin a
unifiedmultilevel framework makingit possibleto quickly balancegraphsthatarehighly imbalancedwhile producing
edgecutscomparableto partitioningfrom scratchandsubstantiallyreducingthetotal vertex movement.Furthermore,
ouralgorithmsutilize theconceptsof vertex weight,vertex size,andvertex cleannessto specificallyminimizeTotalV
andMaxV in additionto the edge-cut.Our experimentshasshown that graphswith aroundeight million vertices
canbe repartitionedin underthreesecondson a 256-processorCray T3D makingit possibleto performlargescale
simulationsthatrequirefrequentmeshrefinements.
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