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Abstract

Graphpartitioninghasbeenshavn to be an effective way to divide a large computatiorover an arbitrarynum-
ber of processorsA good partitioningcan ensureload balanceand minimize the communicatioroverheadof the
computationby partitioninganirregular meshinto p equalpartswhile minimizing the numberof edgescut by the
partition. For a large classof irregular meshapplicationsthe structureof the graphchangedrom onephaseof the
computatiorto the next. Eventually asthe graphevolves,the adaptedneshhasto be repartitionedo ensuregood
loadbalance Failureto do sowill leadto higherparallelruntime. This repartitioningneeds¢o maintainalow edge-
cutin orderto minimize communicatioroverheadn the follow-on computation.t alsoneedgo minimizethetime
for physicallymigratingdatafrom oneprocessoto anothersincethis time candominateoverall run time. Finally,
it mustbe fastandscalablesinceit may be necessaryo repartitionfrequently Partitioningthe adaptedneshagain
from scratchwith an existing graphpartitionercanbe donequickly andwill resultin a low edge-cut.However, it
will leadto anexcessie migrationof dataamongprocessorsin this paper we presennewn parallelalgorithmsfor
robustly computingrepartitioningsof adaptvely refinedmeshesThesealgorithmsperformdiffusionof verticesin a
multilevel framevork and minimize datamovementwithout compromisinghe edge-cut.Furthermorepur parallel
repartitionersncludeparameterizetleuristicgo specificallyoptimizeedge-cuttotal datamigration,or themaximum
amounif datamigratedinto andout of any oneprocessorOur resultson avariety of syntheticmesheshav thatour
parallelmultilevel diffusion algorithmsarehighly robust schemedor repartitioningadaptve meshesThe resulting
edge-cutsare closeto thoseresultingfrom partitioningfrom scratchwith a state-of-the-argraphpartitioner while
datamigrationis substantiallyreduced. Furthermoreyepartitioningcanbe donevery fast. Our experimentsshav
thatmesheswith aroundeightmillion verticescanberepartitionecon a 256-processo€ray T3D in only a coupleof
seconds.

1 Introduction

Meshpartitioningis animportantproblemwhich hasapplicationgn mary areasjncluding scientificcomputing.In
irregular meshapplicationsthe amountof computationrassociatedvith a grid point is representetby the weight of
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its associatedrertex. The amountof interactionrequiredbetweentwo grid pointsis representedyy the weight of

the edgebetweerthe associatedertices. Efficient parallelexecutionof theseirregular grid applicationsequiresthe
partitioning of the associatedjraphinto p partswith the following two constraints:(i) Eachpartition hasan equal
amountof total vertex weight; (ii) Thetotal numberof edgescut by the partitions(thereaftereferredto asedge-cu)

is minimized. Sincethe weightof ary givenedgerepresentshe amountof communicatiorrequiredbetweemodes,
minimizing thenumberof edgesutby the partitiontendsto minimizethe overallamountof communicatiommequired
by the computation.This problemhasbeenwell definedanddiscussedh previouswork [2, 7].

For alargeclassof irregulargrid applicationsthecomputationastructureof the problemchangesn anincremental
fashionfrom onephaseof thecomputatiorto another For example,in adaptve mesheg$l], areaf theoriginalgraph
areselectvely coarsenear refinedin orderto accuratelymodelthe dynamiccomputation.This causeghe weights
of theverticesandtheedgedo change Eventually asthe graphevolves,it becomesiecessaryo correctthe partition
in accordancevith thestructuralchangesn the computatiorandto migratea certainamountof computatiorbetween
processorsThus,we needa partitioningor repartitioningalgorithmto redistritute the adaptedyraph. This algorithm
shouldsatisfythefollowing constraints.

1. It robustly balances the graph. Failureto balancehegraphwill leadto loadimbalancewhichwill result
in higherparallelrun time. In orderto make the repartitioningalgorithmgeneralit mustbe ableto balance
graphsfrom awide variety of applicationdomains.

2. It minimizes edge-cut. Theredistritutedgraphshouldhave a small edge-cuto minimize communication
overheadn thefollow-oncomputation.

3. It minimizes vertex migration time. Oncethe meshis repartitionedandbeforethe grid computationcan
begin, dataassociatedvith the migratedverticesalsoneedso be moved. In mary adaptve computationsthe
dataassociatetvith eachvertex is verylarge. Thetime for movementwf thedatacandominateoverallruntime,
especiallyif themeshis adaptedrequently

4. Itis fast. Thecomputationatostof repartitioningshouldbeinexpensvesinceit is donefrequently Also, since
the problemstudiedin this paperis relevantonly in the parallelcontext, the repartitioningalgorithmshouldbe
parallelizable.

If theadaptedyraphis partitionedfrom scratchusinga state-of-the-annultilevel graphpartitionersuchasthe one
implementedn MEeTS [6], thenit will reasonablyoptimizecriterion1 and2. Sincea highly parallelformulationof
thisalgorithmexists[6], criterion4 canalsobemetto alargeextent. Partitioningfrom scratchwill, however, resultin
high vertex migration,asthe partitioningdoesnot take theinitial locationof the verticesinto account.A partitioning
methodthatincrementallyconstructsa new partitionassimply a modificationof theinput partition(e.g.by diffusion
[11]) canpotentially move a much smallernumberof vertices. Sucha methodcan also be potentially fasterthan
partitioningthe graphfrom scratch.

Repartitioningschemeghatincrementallymodify an existing partition have beenquite successfubn graphsthat
aresmallperturbation®f the original graphg9, 11]. For thesegraphssucha schemeanheritsa good(i.e., low edge-
cut), but imbalancedstartingpointin theinitial partition. It thenattemptgo fix the imbalanceof this partitionwhile
maintainingits good edge-cut. It doesthis by minimizing the amountof disturbancdi.e., vertex migration)to the
initial partitionin the balancingphase.For only slightly imbalancedyraphsthe initial partitiondoesnot needto be
disturbedvery much,andso thesealgorithmsareableto maintainan edge-cuicomparablevith theinitial partition.
However, if theinitial partitionis highly imbalancedthenmary verticesneedto move in orderto balancethe graph.
Thus,evenif the disturbanceo theinitial partitionis minimized,the final partition will necessarilyendup quite a
bit removed from it. Hence,the balancingphaseof sucha methodwill increasethe edge-cutconsiderably Local
refinemen{9, 11] canonly provide alimited improvementin the edge-cubf theresultingpartition.

Onepromisingsolutionto the problemof edge-cutdegradationasthe degreeof imbalanceincreasesn sizeand
compleity is theuseof amultilevel schemd2, 4] thattakestheinitial locationof theverticesinto considerationThe
multilevel paradigmallows the local refinemento be performedat multiple coarsenedersionsof the graph,which
hasbeenshavn to be quite effective in reducingthe edge-cut.In additionto the refinementthe movementof graph
vertices(to achieve load balance)analsobe doneat multiple coarsenedersions.This multilevel diffusionscheme
canmove largechunksof verticesat coarsetevels,andthenachieve betterloadbalanceatfinerlevels. In amultilevel
context, a global picture of the graph[3] canbe usedto guide graphbalancingwhile utilizing a multilevel view to
guiderefinement.



We have developedmultilevel diffusion schemeghat incrementallyconstructsa new partition of the graph[10].
Theseschemesgoarserthe graph,begin multilevel diffusionon the coarsesgraphsandthenbegin multilevel refine-
mentassoonasthe partitionis sufiiciently balanced By applyingdiffusionon the coarsesgraphswe speedup the
costlydiffusionprocesssincethisis doneonrelatively smallgraphs We arealsoableto effectively controlthetrade-
off betweenedge-cutandvertex migrationsincediffusion andrefinementarelinked in a multilevel context. In this
paperwe presentbrief overview of theseschemesndprovide experimentatesultsof anMPI-basedmplementation
of thesescheme®n a256-processdCray T3D for avarietyof adaptve graphs.Ourexperimentalesultsshav thatwe
canrepartitionadaptve meshesn lesstime thanit takesto partitionthe meshegrom scratchmaintaina comparable
edge-cutandmove farlessverticesin the process.

2 Notations, Definitions, and Issues

Ourdiscussiowill includetheconceptof bothvertex weightandvertex size.Vertex weightis thecomputationatost
of thework representetly thevertex while sizeis its migrationcost. Thus,therepartitioneishouldattempto balance
the graphwith respecto vertex weightwhile minimizing vertex migrationwith respecto vertex size. Dependingon
therepresentatioandstoragepolicy of thedata,sizeandweightmay not necessarilype equal. Oneexampleof such
asituationarisesn [8].

Let G = (V, E) beanundirectedgraphof V verticesandE edgesandP bea setof p processorsLet s represent
the costof movementof vertex v;. We will referto 5 asthe sizeof vertex i. Let w; representhe weight (i.e.,
computationaivork) of vertex vi andwe(v1, v2) equaltheamountof communicationmequiredbetweerv; andv,. A
vertex's densityis equalto its weightdivided by its size. We denoteB(q) asthe setof verticeswith partitionq. The
weightof arny partitionq canthenbe definedas:

W@ = > w

vieB(q)

A vertex is cleanif its currentpartitionis its initial partition on the input graph. Otherwiseit is dirty. A vertex
is a border vertex if oneof its adjacentverticesis in anotherpartition. If so,thenall suchpartitionsarethe vertex's
neighborpartitions.If a partitioncontainsat leastonevertex which hasanothermpartitionasa neighborpartition,then
thosetwo partitionsareneighborpartitionsto eachother

TotalV is definedasthe sumof the sizesof verticeswhich changepartitionsasthe resultof partitioningor reparti-
tioning. Thus,it is the sumof thesizesof thedirty vertices.MaxV is definedasthe maximumof the sumsof thesizes
of thoseverticeswhich migrateinto andout of ary onepartitionasa resultof partitioningor repartitioning.

2.1 Multilevel Diffusion Algorithms: A Brief Overview

Our serialmultilevel diffusion algorithmshave threephases:a coarseningphase a multilevel diffusion phaseand
a multilevel refinementphase. In the coarseningphase,only pairs of nodesthat belongto the samepatrtition are
consideredor merging. Hence theinitial partitionof the coarsestevel graphis identicalto the input partition of the
graphthatis beingrepartitionedandthusdoesnot needto be computed.

In the multilevel diffusion phase balanceis soughtby meansof eitherundirected or directed diffusion. In the
caseof undirecteddiffusion, the borderverticesarevisitedin a randomorder If a vertex belongsto an overweight
partition (i.e., a partition whoseweightis higherthanthe averageweight), thenit is movedto an adjacentpartition
with lower weight. If thereare morethanone adjacentpartition satisfyingthis condition,the onethat leadsto the
smalleredge-cuis selectedlf avertex belongsto a partitionwith averageweight, thenit is movedto a partitionthat
leadsto a reductionin the edge-cutaslong asit doesnot make the destinatiorpartition overweight. Again, if there
aremorethanonepartitionsatisfyingthis condition,the onethatleadsto the smalleredge-cuis selectedlIf avertex
belonggo anunderweightpartitionit is notmoved. Notethata vertex belongingto anoverweightpartitioncanmove
evenif thismigrationleadsto anincreasen theedge-cutThis processs repeatedor a smallnumberof stepsor until
eitherbalancds obtainedor no progresss madein balancing.Notethatin this schemediffusionis performedusing
only localinformation.

In the caseof directeddiffusion, a global picture is usedto guide the vertex migration. This global pictureis
computedby the 2-normminimizationsolutiondescribedn [3]. Theresultof this computationis a transfermatrix
thatindicateshow muchweightneeddo betransfereetweemeighboringpartitions.Usingthis transfemrmatrix, the
directeddiffusion schemeworks asfollows. Again, the boarderverticesarevisited in a randomorder If a vertex



is neighborswith a partition which accordingto the transfermatrix needsto transferwork to, thenthat vertex can
be migratedto the neighborpartition. If a vertex is neighborswith more thanone suchpartition, it is migratedto
that partitionwhich will producethe highestgainin edge-cut.The vertex is migratedevenif the gainin edge-cufs
negative. After a vertex is migrated,the transfermatrix is updatedo reflectthe vertex migration(i.e., the weight of
thevertex thatwasmovedis subtractedrom the appropriateentry of the transfemmatrix). After eachbordervertex is
visitedexactly once,the procesgepeatsuntil eitherbalances obtainedor no progresss madein balancing.

In both of theseschemesusedduring the multilevel diffusion phasejt may not be possibleto balancethe graph
atthe coarsesgraphlevel. Thatis, theremay not be sufiiciently fine verticeson the coarsesgraphto allow for total
balancing. If this is the casethe graphneedsto be uncoarsenednelevel in orderto increasethe numberof finer
vertices.The processlescribedaboreis thenbegunonthe next coarsesgraph.

After the graphis balancedmultilevel diffusionendsandmultilevel refinemenbeginson the currentgraph.Here,
the emphasiss onimproving the edge-cut.The borderverticesareagainvisited randomlyandarechecledto seeif
they canbe migratedto anothempartitionsothat

1. maintainthe edge-cutmaintainthe balance andthe selectedpartitionis the vertex's initial partitionfrom the
inputgraph,or

2. decreas¢heedge-cutvhile maintainingthe graphbalancepr
3. maintainthe edge-cuandimprove graphbalance.

If so,verticesaremigrated.Thesethreeconditionsmake up therefinemenphasevertex migration criteria. Criterion1
allows verticesto migrateto theirinitial partitions(aslongasthe migrationdoesnotincreasegheedge-cuandworsen
theloadbalance)andthereforeto lower TotalV andpossiblyMaxV [10].

Dynamicsuppressionf verticesasdescribedn [10] is alsoutilized during multilevel diffusionto reduceMaxV.
Essentiallywith this variation,themigrationof relatively non-denseerticesis suppresseduringthe balancingphase.
The conceptof vertex cleannesssdescribedn [10] is incorporatedn multilevel refinementin orderto reducethe
TotalV. Thatis, only thoseverticeswhich have eitherbeendisplacedn the processf balancingor thosewhich will
resultin a sufficiently high edge-cut-gain-to-size-ratareeligible for migrationduringrefinement.

A completedescriptionof the schemeand extensie experimentalresultsconductedon a single processoffor a
variety of adaptedneshesrepresentedn [10].

3 Parallel Multilevel Diffusion Algorithms

We have developedparallelversionsof the multilevel diffusionalgorithmsasfollows. Verticesareinitially assumedo
bedistributedacrossp processorsThis division of verticescorrespondso the original partition of a staticpartitioner
andis assumedo be of goodquality (i.e., low edge-cut).However, the sumsof the vertex weightsof the vertices
residenbn eachprocessoareassumedo bevariant. Thus,theoriginal partitionis notbalancedindsothereis aneed
for repartitioning.

Our parallelalgorithmsbegin with a coarseningohasein which a sequencés; = (V;, Ej) fori = 0,1, ..., m,
of successiely coarsemgraphsis constructed GraphG;1 is constructedrom G; by first computinga matchingof
verticesof G; andthencollapsingtogetherthe matchedvertices. The matchingscomputedarerestrictedto vertices
residingon thesameprocessorsBy adheringo this restriction,coarsenings inherentlyvery parallel. Otherwisethis
phases identicalasdescribedn [7].

The parallel formulation of the multilevel diffusion phasedepend<on whetheror not we are using directedor
undirecteddiffusion. In the caseof directeddiffusion, we choseto performthe directeddiffusion for the coarsest
graphserially Sincethe coarsegraphis very small(its sizeis proportionalto the numberof processors)this serial
computationdoesnot significantly affect the overall performanceand scalability of our parallelmultilevel directed
diffusion algorithm. Furthermorewe usethe additionalprocessor$o obtaina betterdirecteddiffusion asfollows.
The graphis broadcasto all processorsEachprocessothensimultaneoushbalanceshe coarsesgraphusingthe
directeddiffusionalgorithmdescribedn Section2.1. Sincethediffusionschemas inherentlyrandom eachprocessor
computesa potentially uniquepartition. The bestpartition is selected. The selectioncriteria are either; (i) lowest
edge-cut(ii) lowestTotalV, (iii) lowestMaxV, or (iv) greatesbalance.In our experimentswe selectthe partition
thathasthelowestedge-cutln somecasesthecoarsesgraphmaybetoo coarseo allow for completebalancing.For
this reasorwe usethe parallelundirectediffusionalgorithm(describedn the next paragraphjo balanceary minor
imbalances.
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Figure 1: Multilevel Diffusion Algorithms: (a) undirected diffusion and (b) directed diffusion.

The parallelformulation of the undirecteddiffusion algorithmis modeledafter our coarse-grainegarallel mul-
tilevel refinementalgorithm[7]. Eachiterationof the parallelmultilevel refinementalgorithm consistsof two sub-
phasesDuring thefirst sub-phaseyerticesaremigratedonly from lower- to higherknumberedartitions. During the
secondsub-phaseyerticesaremigratedfrom higher to lower-numberedartitions.In this way, unexpectededge-cut
increasegsausedy the simultaneousnigrationof neighboringverticesis avoided. Furthermorepur schemeswvoids
ary biastowardsthelower- or highernumberedartitions,by usingat eachstepa randompartitionordering.ln each
sub-phaseyerticesarevisited andselectedor migrationaccordingto the criteriafor undirecteddiffusiondescribed
in Section2.1.

The parallelformulationof the multilevel refinementalgorithmis similar to thatfor undirectediffusionwith the
exceptionthatverticesaremovedaccordingo therefinemenphasevertex migration criteria describedn Section2.1.
Furthermorethe conceptof vertex cleannessasdescribedn [10] is alsoemployedin our schemen orderto reduce
TotalV. Otherwise pur multilevel refinementlgorithmis identicalto thecoarse-grainegarallelmultilevel refinement
algorithmdescribedn [7].

In summary asillustratedin Figure 1, our parallelmultilevel diffusion algorithmsare madeup of threephases,
graphcoarseningmultilevel diffusion,and coarse-grainedhultilevel refinement.In the caseof undirecteddiffusion
all threephasesaredonein parallel,whereasn the caseof directeddiffusiontwo of thethreephasesgoarseningnd
refinementaredonein parallel,andthediffusionis doneseriallyon all processors.

4 Experimental Results

We testedour parallelmultilevel repartitioningalgorithmson a Cray T3D with 256 processors Eachprocessoon
the T3D is a 150Mhz Dec Alpha (EV4). The processorsare interconnectedia a threedimensionatorus network
thathasa peakunidirectionabandwidthof 150Bytespersecondandasmalllateng. We usedCray’s MPI library for
communicationCray’s MPI achiezesapeakbandwidthof 45MBytesandaneffective startugtime of 57 microseconds.

We evaluatedheperformancef our paralleladaptve multilevel diffusionalgorithmson four mediumto large size
graphsarisingin finite elementcomputationsThe characteristicef thesegraphsaredescribedn Tablel. For each
graphwe syntheticallygenerateédaptve graphsby randomlychanginghe weightsof the vertices.For example,on
64 processorsye first computeda 64-way partitionandmovedthe graphsothatprocessoiP, storestheverticesthat
belongto partitioni. Next, eachprocessoP; selectaarandomnumberr; betweerzeroandthenumberof verticesthat
it storesandrandomlyselects; of its verticesandchangesheir weightfrom oneto three.We foundthatthis scheme
leadsto graphsthat are about50% load imbalancedj.e., thereis a partition whoseweightis 50% higherthanthe
averageweight. Thesesyntheticallygeneratedraphsarethenusedastheinputto our parallelmultilevel diffusionand
partitioningalgorithms.In all of our experimentsa graphthatis 5% loadimbalanceds assumedo bewell balanced,
andin all experimentghisloadimbalancdevel is easilyachiesed.

Table2 shavstheresultsobtainedy our parallelmultilevel directedandundirectedliffusionalgorithmsfor thetest
problemson 64,128,and256processords-or eachproblem thistableshavstheedge-cubf theresultingpartitioning,



GraphName | Numberof Vertices | Numberof Edges | Description

MRNGA 257000 505048 | Dualof a3D Finite elemenimesh
MRNGB 1017253 2015714 | Dualof a3D Finite elementmesh
MRNGC 4039160 8016848 | Dualof a3D Finite elementmesh
MRNGD 7833224 15291280 | Dualof a3D Finite elemenimesh

Table 1: The various graphs used in the experiments.

thetotal numberof verticesthatneedgo bemoved(TotalV), themaximumnumberof verticesthatneedg¢o bemoved
in andout of ary particularprocessofMaxV), aswell asthe amountof time (in secondsyequiredto computethe
repartitioning. The rows labeled'Scratch’ shav similar performancemetricsfor the schemen which the adaptve
graphis beingrepartitionedrom scratchusingthe parallelmultilevel k-way partitioningalgorithmdescribedn [7].
Finally, therowslabeledImbalance’indicatetheloadimbalanceaesultedby our syntheticadaptatiorschemdor each
oneof the graph-processaombinations.As you cansee,theload imbalancerangesbetweenl.42 (42%)and1.52
(52%). NotethatMRNGD couldnotrunon 64 processorslueto thelimited amountof memoryon eachprocessor

Graph Scheme 64 Processors 128Processors 256Processors
Cut | TotalV [ MaxV [ Time Cut [ TotalV [ MaxV [ Time Cut [ TotalV [ MaxV [ Time
MRNGA Imbalance 1.4244 1.4391 1.4971
Undirected 26457 24819 2427 | 0.573 32898 24089 1391 | 0.424 42536 25423 730 | 0.436
Directed 25895 25858 2363 | 0.666 34635 26670 1430 | 0.547 42502 25620 755 | 1.066
Scratch 25099 253856 9815 | 0.902 32855 252054 4991 | 1.019 43130 256020 2660 | 2.247
MRNGB Imbalance 1.4876 1.4955 1.4854
Undirected 69428 92806 10625 | 1.377 87687 94704 5342 | 1.017 | 112522 94328 2821 | 0.817
Directed 67032 94397 10447 | 1.534 86836 90785 5376 | 1.174 | 112199 95074 3028 | 1.161
Scratch 65395 996825 394441 2.039 85812 | 1016832 20365 | 1.799 | 110459 | 1016166 | 10507 | 3.294
MRNGC Imbalance 1.4715 1.4920 1.4995

Undirected | 169336 342078 46182 | 3.994 | 217165 358453 26919 | 2.435 | 278607 368216 | 11513 | 1.689
Directed 169559 386720 44182 | 4.385 | 223031 382812 27300 | 2.685 | 279832 351109 [ 11299 | 2.092

Scratch 167617 | 3943621 ] 166742 | 5.056 | 222368 | 3998118 | 83983 | 3.558 | 281195 3984525 [ 42061 | 4.352
MRNGD | Imbalance 1.4470 1.5152

Undirected 345122 640172 40995 | 4.145 | 452386 743892 | 22439 | 2.747

Directed 350334 700727 46231 | 4.511 | 445263 768296 | 22902 | 3.203

Scratch 343354 | 7487361 | 156524 | 5.511 | 438704 | 7507463 | 83205 | 4.692

Table 2: The performance of the parallel adaptive repartitioning schemes on the four test graphs for 64, 128, and 256 processors
on Cray T3D. All run-times are in seconds.

To bettercomparghethreeschemesve graphicallydepictedheresultsshovn in Table2 in thesequencef graphs
shavnin Figures2-5. In particulay Figure2 compareshequalityin termsof edge-cuproducedy thetwo multilevel
diffusionalgorithmsrelative to partitioningfrom scratch.For eachexperiment,we computedheratio of the edgecut
producedy the diffusionalgorithmsto thatof partitioningfrom scratchandplottedit usingabarchart. For example,
thebarsfor MRNGB-128 correspondso partitioningtheadaptvely refinedgraphMRNGB on 128processorsLook-
ing atthis figurewe canseethattheedge-cut®f the partitioningsproducedy thetwo multilevel diffusionalgorithms
arein generalwithin 5% of the edge-cuproduceddy partitioningthe adaptive graphsfrom scratch.Furthermorefor
someof thesegraphg(e.g., MRNGA-256 andMRNGC-128) the multilevel diffusionalgorithmsproducedpartition-
ings whoseedge-cutwasslightly betterthanthat of partitioningfrom scratch. Theseresultsshav that our adaptve
multilevel diffusionalgorithmsareableto producepartitioningswhosequality is comparableo the quality obtained
by the parallelmultilevel partitioningalgorithm. Comparingthe two multilevel diffusionalgorithmstogetheywe see
thatin generalthey leadto partitioningsthat have comparableedge-cuts.Out of the eleven experimentsthe undi-
recteddiffusion schemdeadsto smalleredge-cutdor six of them,whereaghe directeddiffusion doesbetterin five
experiments.

The performancen termson the numberof verticesthat needto be moved (TotalV andMaxV) is shavn in Fig-
ures3 and4, respectrely. Looking at thesetwo figureswe canclearly seethe advantageof the multilevel diffusion
algorithmsover partitioningfrom scratchin significantlyreducingthe numberof verticesthat needso be movedin
orderto achieve load balance.The multilevel diffusion schemesnove in generallessthan10% percentof the total
numberof verticesthatarerequiredto be movedby partitioningfrom scratch(Figure3), andthe maximumnumberof
verticesthatis sentandrecevedby ary processois lessthan30% of thatrequiredby partitioningfrom scratch(Fig-



=1 Undirected Diffusion B Directed Diffusion —— Partitioning from scratch (baseline)

Figure 2: Quality in terms of edge-cuts of the partitionings produced by the adaptive multilevel directed and undirected diffusion
algorithms relative to partitioning from scratch. For each graph, the ratio of the edge-cut of the adaptive multilevel diffusion algo-
rithms to that of the multilevel k-way partitioning is plotted for 64-, 128-, and 256-way partitionings on 64, 128, and 256 processors,
respectively. Bars under the baseline indicate that the multilevel diffusion algorithms perform better than partitioning from scratch.

ure4). This dramaticreductionin datamaovementcoupledwith the comparableedge-cuguality makesthe multilevel

diffusionalgorithmsa clearchoicefor repartitioningadaptvely refinedgraphs.As it wasthe casewith the edge-cut,
therelative performancef directedandundirecteddiffusionis quite similar, with both schemegerformingwithin a

couplepercentaggointsof eachother
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Figure 3: Quality in terms of the total number of vertices that need to be moved (TotalV) of the partitionings produced by the
adaptive multilevel directed and undirected diffusion algorithms relative to partitioning from scratch. For each graph, the ratio of the
TotalV of the adaptive multilevel diffusion algorithms to that of the multilevel k-way partitioning is plotted for 64-, 128-, and 256-way
partitionings on 64, 128, and 256 processors, respectively. Bars under the baseline indicate that the multilevel diffusion algorithms
perform better than partitioning from scratch.

Finally, Figure5 shavs the amountof time requiredby the two multilevel diffusion algorithmsrelative to parti-
tioning from scratch.Fromthis figure we canseethatthe multilevel diffusionalgorithmsareconsiderablyasterthan
partitioningthe graphfrom scratch.In particular for MRNGD on 256 processorsyndirectediffusionis about40%
fasterthan partitioningfrom scratch requiringonly 2.75 secondgpartitioningfrom scratchrequires4.69 seconds).
This run-timedifferenceis mostly dueto the factthatthe multilevel diffusion algorithmsdo not have to computean
initial k-way partitioning of the coarsesgraph,asthey inherit the original partitioning. Comparingthe multilevel



=1 Undirected Diffusion B Directed Diffusion —— Partitioning from scratch (baseline)

>
¥ 5
RS &
&

03
0.2 |
0.1 ] —
0
4 @’& o@’& e@’i? eoUbh #* # i
& &5 & &

&
« « ~ K K ~

Figure 4: Quality in terms of the maximum number of vertices that need to be moved in and out of a partition (MaxV) of the
partitionings produced by the adaptive multilevel directed and undirected diffusion algorithms relative to partitioning from scratch.
For each graph, the ratio of the MaxV of the adaptive multilevel diffusion algorithms to that of the multilevel k-way partitioning is
plotted for 64-, 128-, and 256-way partitionings on 64, 128, and 256 processors, respectively. Bars under the baseline indicate that
the multilevel diffusion algorithms perform better than partitioning from scratch.

undirecteddiffusion with the directeddiffusion algorithmwe seethat the former is faster andthe performancegap
increasesvith the numberof processorsThis is becauseasdiscussedn Section3, the directeddiffusionalgorithm
needdo diffusethe coarsesgraphserially, whereaghe undirecteddiffusionalgorithmdoesnot have this serialcom-
ponent.Lookingattherun-timesshavn in Table2 we canseethatbothmultilevel diffusionalgorithmsscaleverywell

with the numberof processorsandthey areableto partitiongraphswith aroundeightmillion verticesin aroundthree
seconds.
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Figure 5: Run time of adaptive multilevel directed and undirected diffusion algorithms relative to partitioning from scratch. For each
graph, the ratio of the time required by adaptive multilevel diffusion algorithms to that of the multilevel k-way partitioning is plotted
for 64-, 128-, and 256-way partitionings on 64, 128, and 256 processors, respectively. Bars under the baseline indicate that the
multilevel diffusion algorithms run faster than partitioning from scratch.



5 Conclusion and Related Work

Walshav, Cross,and Everettalsoimplementeda parallel partitionerand directeddiffusion repartitionerbasedon
an optimizationof the Hu and Blake diffusion solver [3, 12, 11]. Their algorithmshastwo distinct phasesgalled
balancingandrefinemenphase Thefirstis abalancingohasdan which thediffusionsolutionguidesvertex migration
in orderto balancethe graph. Unlike our algorithms,this diffusionis performedon the original graph(i.e., it does
notutilize a multilevel representationgndrequiresa significantamountof time especiallyfor graphshataregrossly
load imbalanced.The seconds a local refinemengphasean which alocal view of the graphguidesvertex migration
in orderto decreas¢heedge-cuupsetby thebalancingohase For this refinemenphasehey useeithera single-level
refinemenschemgperformedonthefull graph),or they usea multilevel refinemenschemesimilar to thatdescribed
in [5]. They reportresultson a setof small-to medium-sizeawo-dimensionameshesith very moderatémbalance
problems(around10%). In the caseof their single-level refinementschemethey reportresultsin which the TotalV
is low andthe edge-cuincrease®nly slightly over partitioningfrom scratch.However, whenthey usethe multilevel
refinemenschemethey areableto decreaséhe edge-cutatthe costof increasinghe TotalV considerably

In this paperwe presentedscalableand highly parallelformulationsof multilevel diffusion algorithms. Our al-
gorithmsare ableto quickly repartitiongraphscorrespondingo adaptvely refinedmeshesand obtain partitionings
whosequality is comparabldo thoseobtainedby the high-qualityparallelmultilevel k-way partitioningalgorithmof
METIS [7], while dramaticallyreducingtheamountof datamovementrequirecdto realizethis new partition. Unlike the
algorithmsof Walshav etal., our parallelmultilevel diffusionalgorithmscombineboth diffusionandrefinemenin a
unifiedmultilevel framewvork makingit possibleo quickly balancegraphghatarehighly imbalancedvhile producing
edgecutzomparabldo partitioningfrom scratchandsubstantiallyreducingthe total vertex movement.Furthermore,
our algorithmsutilize the conceptof vertex weight, vertex size,andvertex cleannesto specificallyminimize TotalV
and MaxV in additionto the edge-cut. Our experimentshasshowvn that graphswith aroundeight million vertices
canberepartitionedn underthreesecondn a 256-processo€ray T3D makingit possibleto performlarge scale
simulationghatrequirefrequentmeshrefinements.
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